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Abstrat
Gross-Neveu type models with a nite number of fermion avours are studied
on a two-dimensional Eulidean spae-time lattie. The models are asymp-
totially free and are invariant under a hiral symmetry. These similarities to
QCD make them perfet benhmark systems for fermion ations used in large
sale lattie QCD omputations. The Shrödinger funtional for the Gross-
Neveu models is dened for both, Wilson and Ginsparg-Wilson fermions, and
shown to be renormalisable in 1-loop lattie perturbation theory.
In two dimensions four fermion interations of the Gross-Neveu models
have dimensionless oupling onstants. The symmetry properties of the four
fermion interation terms and the relations among them are disussed. For
Wilson fermions hiral symmetry is expliitly broken and additional terms
must be inluded in the ation. Chiral symmetry is restored up to ut-o
eets by tuning the bare mass and one of the ouplings. The ritial mass
and the symmetry restoring oupling are omputed to seond order in lattie
perturbation theory.
This result is used in the 1-loop omputation of the renormalised ou-
plings and the assoiated beta-funtions. The renormalised ouplings are
dened in terms of suitable boundary-to-boundary orrelation funtions. In
the omputation the known rst order oeients of the beta-funtions are
reprodued. One of the ouplings is found to have a vanishing beta-funtion.
The alulation is repeated for the reently proposed Shrödinger funtional
with exat hiral symmetry, i.e. Ginsparg-Wilson fermions. The renormal-
isation pattern is found to be the same as in the Wilson ase. Using the
regularisation dependent nite part of the renormalised ouplings, the ratio
of the Lambda-parameters is omputed.
Keywords:
Chiral Gross-Neveu model, Ginsparg-Wilson fermions, Shrödinger
funtional, Lattie perturbation theory
Zusammenfassung
In dieser Arbeit werden Gross-Neveu Modelle mit einer endlihen Anzahl
von Fermiontypen auf einem zweidimensionalen Euklidishen Raumzeitgit-
ter betrahtet. Modelle dieses Typs sind asymptotish frei und invariant un-
ter einer hiralen Symmetrie. Aufgrund dieser Gemeinsamkeiten mit QCD
sind sie sehr gut geeignet als Testumgebungen für Fermionwirkungen die
in groÿangelegten Gitter-QCD-Rehnungen benutzt werden. Das Shrödin-
ger Funktional für die Gross-Neveu Modelle wird deniert für Wilson und
Ginsparg-Wilson Fermionen. In 1-Shleifenstörungstheorie wird seine Renor-
mierbarkeit gezeigt.
Die Vier-Fermionwehselwirkungen der Gross-Neveu Modelle habe di-
mensionslose Kopplungskonstanten in zwei Dimensionen. Die Symmetrieei-
genshaften der Vier-Fermionwehselwirkungen und deren Beziehungen un-
tereinander werden diskutiert. Im Fall von Wilson Fermionen ist die hirale
Symmetrie explizit gebrohen und zusätzlihe Terme müssen in die Wirkung
aufgenommen werden. Die hirale Symmetrie wird durh das Einstellen der
nakten Masse und einer der Kopplungen bis auf Cut-o-Eekte wiederher-
gestellt. Die kritishe Masse und die symmetriewiederherstellende Kopplung
werden bis zur zweiten Ordnung in Gitterstörungstheorie berehnet.
Dieses Resultat wird in der 1-Shleifenberehnung der renormierten Kopp-
lungen und der zugehörigen Betafunktionen benutzt. Die renormierten Kopp-
lungen werden deniert mit Hilfe von geeignete Rand-Rand-Korrelatoren.
Die Rehnung reproduziert die bekannten führenden Koezienten der Beta-
funktionen. Eine der Kopplungen hat eine vershwindende Betafunktion. Die
Rehnung wird mit dem vor kurzem vorgeshlagenen Shrödinger Funktional
mit exakter hiraler Symmetrie, also Ginsparg Wilson Fermionen, wiederholt.
Es werden die gleihen Divergenzen gefunden, wie im Fall von Wilson Fermio-
nen. Unter Benutzung des regularisierungsabhängigen, endlihen Teils der
renormierten Kopplungen werden die Verhältnisse der Lambda-Parameter
bestimmt.
Shlagwörter:
Chirales Gross-Neveu Modell, Ginsparg-Wilson Fermionen, Shrödinger
Funktional, Gitterstörungstheorie
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Chapter 1
Introdution
The theory of strong interations, quantum hromodynamis (QCD), is a
gauge theory with few parameters and is though assumed to desribe many
phenomenons, suh as the mass spetrum of the hadrons and sattering pro-
esses involving quarks and gluons. Experimental data is available from the
low energy regime of the light meson masses to the high energy regime of
hadron-hadron sattering [1℄.
At high energies the fundamental degrees of freedom, the quarks and the
gluons, are only weakly oupled. In suh a situation a perturbative treat-
ment, where the interations of the quarks and gluons are small orretions,
is justied. Indeed, perturbative alulations suessfully desribe the data,
for example, of deep inelasti hadron-lepton sattering. At low energies the
oupling beomes large and the interations are not small but dominant.
Therefore the perturbative approah is not appliable in this regime. In ad-
dition, the relevant degrees of freedom are no longer the fundamental quarks
and gluons, but the lightest bound states (the light mesons, i.e. pions). Chi-
ral perturbation theory has been developed to aommodate this. But as
an eetive theory it has to be mathed to the experiments, thus losing the
appeal of a rst priniple omputation.
The lattie disretisation of quantum eld theories is a powerful method
that was rst applied to QCD long ago by Wilson [2℄. Sine then lattie QCD
has proved to allow for non-perturbative alulations from rst priniple and
to onnet the low and high energy regime (see [3℄ for an example). First of
all the lattie regulates the theory, in whih the inverse lattie spaing 1/a
serves as a sharp momentum ut-o and thus renders the theory ultravio-
let nite. In the infrared a non-vanishing mass or a nite volume sheme
with spei boundary onditions like the Shrödinger funtional (SF) pro-
vides a lower bound on the modes in the theory. (The merits of the SF
are desribed in Chapter 4.) In this way a quantum eld theory on the lat-
2 Introdution
tie is mathematially well dened without referene to perturbation theory.
Nevertheless perturbation theory an be used at this point. Being in general
more ompliated than similar studies in the ontinuum, lattie perturbation
theory is needed, for example, to translate lattie results into the language of
ontinuum renormalisation shemes like MS (minimal subtration), that are
mostly used by experimentalists. Furthermore, in the weak oupling regime,
it serves as guidane and ross hek for non-perturbative methods.
If the metri of the lattie theory is the Eulidean one, the path integral
representation of quantum eld theory is aessible to numerial evaluation
via Monte Carlo simulations. Today this is the prominent approah to extrat
physis from lattie QCD. Sine the days of Wilsons proposal there has been
substantial progress in the understanding of lattie QCD as well as in the
algorithms that are used to perform the simulations. Still, the by denition
limited omputational resoures are the main obstale to aomplish the goal
of produing preditions without any ompromise.
Along the way so alled toy models were studied. The term refers to
quantum eld theories that are simpler but in some respets similar to QCD.
They were used, for example, to test new methods [4℄ or to onjeture the
phase struture of lattie QCD [5℄. One reason to onsider these simpler
models is that there might be analytial tools at hand that allow one to solve
the model exatly. Often another advantage is that Monte Carlo simulations
of the toy model are muh more heaper. The knowledge and results gained
in the simpler models an then be used to argue in the more ompliated
theory. Or assumptions and approximations used in lattie QCD without a
hane to prove their validity there, an be applied and onfronted with the
exat result and/or high preision numerial data in the simpler theory.
For example, in order to make preditions about the real world, the lat-
tie disretisation, as any regulator, has to be removed in the end. Numerial
simulations of lattie QCD are only possible at nite lattie spaing a. In
pratie one omputes the observable of interest for a number of lattie spa-
ings and extrapolates to the ontinuum limit. If the measured points show a
signiant dependene on the lattie spaing one has to assume a funtional
form to perform the extrapolation. The only known presription of the lat-
tie artefats goes bak to the work of Symanzik [6, 7, 8, 9℄. His onlusions
for the funtional form of lattie artefats in lattie eld theories are based
on an eetive theory and perturbation theory. Using this form in the ex-
trapolation step of lattie QCD omputations introdues a possible soure of
systemati errors in a presumably rst priniple omputation. In the two di-
mensional and asymptotially free non-linear sigma models these aspets an
be studied with high preision Monte Carlo simulations and analyti tools
[10℄. The message for lattie QCD is lear: try to avoid the extrapolation
3step. This an be ahieved partly by eliminating the leading lattie artefats
by implementing Symanzik's improvement program [8, 9℄.
At the time of writing this thesis a number of ollaborations of lattie
physiists are simulating full lattie QCD with two or three light quarks and
have presented rst results [11, 12, 13, 14, 15, 16, 17℄. The main dierene be-
tween the approahes followed by these ollaborations is in the used fermion
ation. Beside the already mentioned Wilson fermions, there are Wilson
twisted mass, overlap, staggered fermions and the xed point ation. There
are also dierenes in the gauge ation and the various kinds of improvement
applied, but here we onentrate on the fermioni part of the ation (see [18℄
for an overview).
Some of these fermion ations are more theoretially sound than others.
The hope is, based on universality arguments, that in the ontinuum limit,
where the orrelation length diverges, dierenes on the sale of the lattie
spaing are unimportant. Clearly, a numerial test of this presumed agree-
ment in the ontinuum limit is desirable. Due to the restrited numerial
resoures of today this is impossible in lattie QCD in the near future. In
suh a situation a two dimensional non-trivial fermioni quantum eld theory
ould serve as a benhmark system. If the ations agree in the toy model,
it would not be a proof for QCD, but some ondene would be gained. If
they do not agree, it would be lear that there are serious problems and that
most probably also lattie QCD simulations are aeted.
In this work we study models of self-oupled fermions in two dimensional
spae-time. There are several theories of this kind in two dimensions referred
to as Gross-Neveu [19℄ and Thirring models [20℄. We onsider here the rst
type. Among them the most similar to QCD is the hiral Gross-Neveu model
(CGN) with N types (in the following referred to as avours) of fermions.
They are oupled through quarti interation terms. Sine in two dimensions
the fermion elds have mass dimension 1/2, the orresponding ouplings are
dimensionless. The CGN shares with QCD the features asymptoti freedom
and a ontinuous hiral symmetry (in the massless theory). The ontinuum
CGN has been studied in perturbation theory up to three loops [21, 22,
23℄. Beyond perturbation theory the S-matrix and the partile spetrum are
known to some extent [24, 25, 26, 27, 28℄. Many properties of the model an
be studied in the limit of innite many avours (large-N limit), whih is also
sensitive to the non-perturbative nature of the model. In this limit the model
is asymptotially free and a fermion mass is dynamially generated [19, 29℄.
On the lattie the model has been studied so far almost exlusively in
the large-N limit [30, 31℄. In this thesis we dene the CGN with a nite
number of fermion avours on the lattie. For the fermion ation we use
Wilson's version [2℄ sine it is the most rigorous and theoretially sound
4 Introdution
one. After the theory has been established in this way, it an be used to
hek other ations. As a rst appliation we analyse a reently proposed
Dira operator [32℄ that is expeted to be ompatible with the Shrödinger
funtional boundary onditions and, at the same time, is a solution to the
Ginsparg-Wilson relation [33℄ in the bulk of the lattie (up to exponentially
dereasing tails). A Dira operator that satises this relation has better
hiral properties than standard Wilson fermions and is thus better suited in
ases were hiral symmetry plays an important role. Sine Ginsparg-Wilson
fermions are very expensive in terms of omputational osts, preise studies in
two dimensions are very welome. We dene observables suitable for Monte
Carlo simulations [34℄ and ompute them in rst order lattie perturbation
theory. This is the rst omputation with Ginsparg-Wilson fermions in the
Shrödinger funtional beyond the free theory.
This thesis is organised as follows. In Chapter 2 we give a short review
of the perturbative renormalisation and disretisation of quantum eld the-
ories. In Chapter 3 aspets of hiral symmetry on the lattie are addressed
and the hiral properties of the Dira operators used in this thesis are out-
lined. As indiated above we dene the theory on a lattie with boundaries.
The spei form of the boundary onditions and the impliations of the
presene of the boundaries on the renormalisability are disussed thoroughly
in Chapter 4. The two dimensional fermioni model we utilise in this work
is arefully dened in Chapter 5. In partiular, we are onerned with the
symmetries of the model, its lattie formulation and renormalisability. Sine
Wilson fermions expliitly break hiral symmetry, it has to be assured that
the symmetry is reovered in the ontinuum limit. The employed strategy
and the result are presented in Chapter 6. We use this result in Chapter 7 to
dene renormalised ouplings. A next-to-leading order omputation is then
arried out for Wilson and Ginsparg-Wilson fermions. We draw onlusions
and give an outlook in Chapter 8.
Chapter 2
Lattie perturbation theory
In this Chapter we introdue the basi onepts used in this thesis. Sine
we want to use lattie perturbation theory, we have to disuss perturbative
renormalisation (Setion 2.1). After these general remarks we list our no-
tation and onventions for the lattie omputation (Setion 2.2). We lose
the Chapter with some remarks on the ontinuum limit and the analysis of
lattie diagrams (Setion 2.3).
2.1 Renormalisation
The bare ouplings and masses that appear as parameters in the lassial
ation of a quantum eld theory are not the ouplings and masses whih
are measured in experiments. Experimentalists rather gather data of ross
setions and transition amplitudes. These quantities have to be omputed in
the theory that is supposed to desribe the phenomenons. For eah parameter
in the ation one input measurement is needed. One all the parameters are
xed the theory an be used for preditions.
The ruial point of ourse is how many parameters are there in the
ation. The more parameter the less prediting power does the theory have.
The number of terms in an ation and thus the number of bare parameters
is mainly restrited by symmetries and dimensional analysis.
Computing a ross setion or transition amplitude yields a relation be-
tween an observable and the bare parameters of the theory. The observable
itself may now be alled oupling. In order to avoid onfusion one alls it
renormalised oupling sine it is a redenition of the bare oupling. In the
same way all other ouplings and masses may be redened. The renormalised
quantities may be regarded as the physial parameters of the theory beause
all observables an be expressed in terms of them.
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In perturbation theory the neessity for renormalisation is enountered in
the form of ultraviolet innities when alulating loop orretions. To keep
physial amplitudes nite these innities have to be absorbed in a redenition
of the parameters and elds order by order in the perturbative expansion.
In order to handle the terms produing the innities they rst have to be
rendered nite. In lattie perturbation theory the inverse lattie spaing 1/a
provides an ultraviolet ut-o to the theory. This regularisation has to be
removed before omparing with experiment. On the lattie this amounts to
taking the ontinuum limit a→ 0. In this proess the ultraviolet divergenes
show up and the renormalisation has to be implemented.
2.1.1 Mass independent renormalisation sheme
Let us onsider a quantum eld theory with one mass and one oupling on-
stant that has been regularised on an innite lattie, say QCD with N mass
degenerated quarks. All information of the theory is ontained in the n-point
Green's funtions. Any unrenormalised Green's funtion Γ(p; g0, m0, 1/a) will
then depend on the momenta of the external lines olletively labelled with p,
on the bare mass m0 and oupling onstant g0 and on the ultraviolet ut-o
1/a.
QCD is a renormalisable quantum eld theory. A renormalisation sheme
is given through onditions that dene the renormalised mass mR, renor-
malised oupling gR. Often also a wave funtion renormalisation fator Zi
for eah type i of elds in the theory (i.e. in QCD one for the quark elds and
one for the gluon elds) is introdued. This is not a neessity but onvenient
in the ourse of omputations. Sine we will onsider massless eld theory,
with a renormalisation sale µ, a mass independent renormalisation sheme
is needed to avoid infrared divergenes [35℄. The renormalisation onditions
are then posed at the sale µ and vanishing renormalised mass. For the
renormalised parameters one expets
Zi = Zi(g0, aµ) , (2.1)
gR = g0 Zg(g0, aµ) , (2.2)
mR = mq Zm(g0, aµ) , mq = m0 −mc , (2.3)
where mc aounts for the additive mass renormalisation needed if hiral
symmetry is broken by the regularisation (f. Setion 3.4). If the regulari-
sation does not violate hiral invariane the renormalised mass vanishes at
zero bare mass.
The renormalized oupling in lattie QCD, for example, may be dened
through demanding the triple gluon vertex funtion to take its tree level value
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at momenta of order µ. Then the renormalised Green's funtions have nite
ontinuum limits. They are funtions of the renormalised oupling and mass
and are related to the bare ones as
ΓR(p; gR, mR, µ) = ZΓ(g0, aµ)Γ(p; g0, m0, 1/a) , (2.4)
where ZΓ depends on the number and types of the external lines. (Note that
there will also be some dependene on a gauge xing parameter as in the
ontinuum. However, this dependene disappears when physial quantities
are omputed and is not important for the aspets onsidered here. See [36℄
for a omplete review of lattie perturbation theory.)
Eq. (2.4) really only holds in the ontinuum limit. At nite ut-o, that
is nite lattie spaing a, perturbation theory states that the renormalised
Green's funtions are ut-o independent only up to terms of order a
ΓR(p; gR, mR, µ, aµ) = ΓR(p; gR, mR, µ) + O
(
a(ln a)k
)
, (2.5)
at k-loop order [6℄. These terms are alled saling violations. Sine they are
small near the ontinuum limit we suspend their disussion until Setion 2.3
and neglet them in the following.
2.1.2 Renormalisation group equations
Sine gR and mR depend on the renormalisation sale µ while Γ does not,
dierentiation on both sides of (2.4) yields the so alled renormalisation
group equations{
µ
∂
∂µ
+ β(gR)
∂
∂gR
+ τ(gR)mR
∂
∂mR
− γΓ(gR)
}
ΓR = 0 , (2.6)
where
β(gR) ≡ µ ∂
∂µ
gR(g0, aµ) , (2.7)
τ(gR) ≡ µ ∂
∂µ
lnZm(g0, aµ) , (2.8)
γΓ(gR) ≡ µ ∂
∂µ
lnZΓ(g0, aµ) . (2.9)
The renormalisation group funtions β, τ and γΓ are the so alled beta-
funtion for the oupling and the anomalous dimensions of the mass and the
Green's funtion. (If two types of elds appear in Γ, say n1 of type one and
n2 of type two, we have to take ZΓ = Z
n1
1 Z
n2
2 . Then γΓ is the sum of the
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anomalous dimension of the two types γΓ = n1γ1 + n2γ2.) Note that the
oeient funtions (2.72.9) must be independent of a beause they appear
in a dierential equation of an ut-o independent quantity. Sine they are
dimensionless they must also be independent of µ. Thus they only depend
on the renormalised oupling gR.
The funtions β, τ and γi an be alulated in perturbation theory as
a power series in the renormalised oupling. In the ase of QCD the beta-
funtion
β(αs) = b0α
2
s + b1α
3
s + b2α
4
s +O(α
5
s) , (2.10)
is known to tree loops. The rst two oeients, for example, are [37, 38,
39, 40℄
b0 = −
(
11− 2N
3
)
b1 = −
(
102− 38N
3
)
. (2.11)
(Note that in many textbooks and publiations another denition of the
renormalised oupling of QCD is used. The relation to the one used here is
αs = g
2
R/4π.)
2.1.3 Asymptoti freedom
From the shape of the beta-funtion the behaviour of the renormalised ou-
pling at high energies may be dedued. The example above is haraterised
by a negative β(g) for small g ≥ 0 and leads to a vanishing renormalised
oupling as µ → ∞. This behaviour is alled asymptoti freedom. There
are three other possible senarios, we do not list them here but refer to the
diverse textbooks on the topi [41, 42, 43℄. To make the above statement
more expliit and general, assume a beta-funtion that is negative for small
positive g
β(g)
g→0→ −bgn , b > 0 , (2.12)
where gn is the power of the oupling in front of the lowest-order divergent
diagram ontributing to β(g) and therefore is always greater one. The renor-
malisation group equation is then
µ
d
dµ
g(µ) = −bgn(µ) . (2.13)
Given the renormalised oupling at some sale µ the oupling at the energy
E an be alulated by integrating this equation. The solution is
g(E) = g(µ)
[
1 + (n− 1) b ln(E/µ) (g(µ))(n−1)]−1/(n−1) . (2.14)
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For E →∞ this solution beomes independent of g(µ)
g(E)
E→∞→ [(n− 1) b ln(E/µ)]−1/(n−1) . (2.15)
Thus starting from a value justifying the approximation (2.12) g(E) always
tends to zero for E → ∞. On the other hand at small E the oupling may
beome large g(E) > 1. Thus perturbation theory beomes unreliably at
small energies and non-perturbative methods are needed.
Along similar steps it an be shown that the eetive dimensionality
of operators and elds is given by dimensional analysis up to logarithmi
orretions [41℄.
In this ontext it is worth mentioning that the rst two oeients of
the beta-funtion are independent of how exatly the renormalised oupling
is dened as long as for small bare oupling gR = g0 + O(g
2
0).
1
To see this
assume two renormalised ouplings gA and gB. Sine there are no other
dimensionless parameters gA is a funtion only of gB. We an expand the
one in powers of the other
gA(gB) = gB + c1g
2
B +O(g
3
B) , (2.16)
or
gB(gA) = gA − c1g2A +O(g3A) , (2.17)
where the leading order oeient is xed by the ondition that gA and gB
at leading order are equal to the bare oupling. The two beta-funtions an
be related through
βA(gA)
(2.7)
= µ
d
dµ
gA
(2.16)
= µ
∂gB
∂µ
∂gA
∂gB
(2.7)
= βB(gB)
∂gA
∂gB
. (2.18)
The beta-funtion has an expansion in the renormalised oupling
βB(gB) = b
B
0 g
2
B + b
B
1 g
3
B +O(g
4
B) , (2.19)
where the leading power is two but the argument holds for arbitrary leading
power greater unity. In terms of gA this beomes
βB(gA) = b
B
0 g
2
A + (b
B
1 − 2c1bB0 )g3A +O(g4A) , (2.20)
and the derivative is
∂gA
∂gB
= 1 + 2c1gB +O(g
2
B) = 1 + 2c1gA +O(g
2
A) . (2.21)
1
Note that notation might be misleading here. With gR a renomalised oupling like αs
of QCD is meant. The more familiar renormlised oupling of QCD, that is alled gR, the
beta-funtion woud start with a third power. See also the note under (2.11)
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Now the right hand side of (2.18) an be evaluated in terms of gA
βA(gA) =
[
bB0 g
2
A + (b
B
1 − 2c1bB0 )g3A +O(g4A)
] · [1 + 2c1gA +O(g2A)] , (2.22)
= bB0 g
2
A + b
B
1 g
3
A +O(g
4
A) , (2.23)
proving that the rst two oeients are universal in the sense that they
neither depend on the regularisation nor on the the renormalisation sheme.
For the rst oeient this is a diret onsequene of demanding the renor-
malised ouplings to oinide at leading order (that is, at leading order they
oinide with the unrenormalised oupling). The seond order oeients
oinide beause the expansion of beta-funtion starts at the next-to-leading
order.
Finally we introdue the Λ-parameter
Λ = µ(b0g
2
R)
−b1/(2b20)e−1/(2b0g
2
R) · exp
{
−
∫ gR
0
dg
[
1
β(g)
+
1
b0g3
+
b1
b20g
]}
.
(2.24)
In the massless theory the Λ-parameter is the only dimensionfull parameter.
It is the standard solution of the renormalisation group equation for physial
quantities {
µ
∂
∂µ
+ β(gR)
∂
∂gR
}
P (µ, gR) = 0 , (2.25)
whih expresses the abitrariness of the referne sale µ.
For eah the two renormalised ouplings gA and gB a Λ-parameter an
be dened. Given the relation (2.16) between the ouplings the ratio of the
Λ-parameters is then a pure number [44℄
ΛA/ΛB = exp
{
1
2b0
(
1
g2B
− 1
g2A
)
+O(g2A)
}
= exp
{
c1
b0
}
. (2.26)
2.1.4 Multiple ouplings
So far we onsidered theories with a single dimensionless oupling. It is not
diult to generalize the onepts to multiple suh ouplings [41℄. There will
be as many renormalised ouplings gl as bare ouplings. Green's funtions
depend on all these ouplings and in (2.4) g0 and gR may olletively refer
to them. Then for eah gl there is a renormalisation group equation
µ
d
dµ
gl(µ) = βl(g(µ)) , (2.27)
with βl depending in general on all the renormalised ouplings gl. In the ase
of one oupling the beta-funtion determines the asymptoti behaviour of this
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oupling. In the ase of multiple ouplings the beta-funtions βl determine
the asymptoti trajetories in the spae spanned by the ouplings gl. Clearly,
there are many possibilities now. Let us onentrate on the prominent ase
of trajetories approahing a xed point in g-spae. A xed point g(µ) = g
∗
l
is dened through a mutual zero of the beta-funtions
βl(g∗) = 0 . (2.28)
Shifting gl → gl − g∗l by the xed point, Taylor-expanding βl(g − g∗) and
ignoring terms O((g − g∗)2) eq. (2.27) beomes
µ
d
dµ
[gl(µ)− g∗l ] =
∑
k
Mlk[gk(µ)− g∗k] , (2.29)
with the matrix M given by
Mlk =
(
∂βl(g)
∂gk
)
g=g∗
. (2.30)
Suppose that the eigenvalues of this matrix are non-degenerate. Surely, that
is not always true but it is the generi ase. Then the eigenvetors vm∑
k
Mlkv
m
k = λ
mvml , (2.31)
form a omplete set and an be used to express the solution to (2.29)
gl(µ) = g
∗
l +
∑
m
cmv
m
l µ
λm , (2.32)
with oeients cm.
The qualitative behaviour for µ→∞ is thus governed by the eigenvalues
λm and the oeients cm. In partiular, the xed point is approahed if
and only if cm = 0 for all λ
m > 0. A zero eigenvalue may be aused by a
vanishing βl, in whih ase the xed point is reahed for any value of this
oupling in a region around the xed point.
The eigenvetors of the negative eigenvalues dene a subspae ontaining
the trajetories attrated by the xed point. Trajetories with support out-
side of this subspae may get very lose to the xed point but are eventually
repelled.
We lose this setion by pointing out that the eigenvalues λm are in-
variant under a hange of basis, that is going to a dierently dened set of
renormalised ouplings g˜l. The hange g → g˜ amounts to a similarity trans-
formation of the matrix M and thus preserves its spetrum. This an be
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seen as follows. The new ouplings will be funtions of the gs and satisfy
renormalisation group equations
µ
d
dµ
g˜l(µ) =
∑
m
∂g˜l(g)
∂gm
βm(g) = β˜l(g˜(µ)) . (2.33)
Thus β transforms as a ontravariant vetor in oupling spae
β˜l(g˜) =
∑
m
∂g˜l(g)
∂gm
βm(g) . (2.34)
Dierentiating on both sides with respet to gk we get∑
m
∂β˜l(g˜)
∂g˜m
∂g˜m(g)
∂gk
=
∑
m
∂2g˜l
∂gm∂gk
βm(g) +
∑
m
∂g˜l(g)
∂gm
∂βm(g)
gk
. (2.35)
At the xed point g∗ the rst term on the right hand side vanishes and we
are left with the matrix equation
M˜ S = SM , (2.36)
with
M˜lk =
(
∂β˜l(g˜)
∂g˜k
)
g˜=g˜(g∗)
, Slk =
(
∂g˜l(g)
∂gk
)
g=g∗
. (2.37)
As long as S is invertible this is a similarity transformation and the eigen-
values of M˜ are those of M .
2.2 Disretisation
The regulator used in the omputations of this thesis is the Eulidean lat-
tie. If the (Minkowskian) time oordinate is Wik rotated to imaginary
(Eulidean) time
xE0 = ix
M
0 , (2.38)
the imaginary unit in front of the Minkowski-spae ation in the path integral
of a quantum eld theory beomes a minus sign∫
D eiSM →
∫
D e−SE . (2.39)
If the ation is bounded from below (whih is the ase for physially relevant
theories) the weight fator an be interpreted as a probability distribution for
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eld ongurations. Evidently there is a lose onnetion between eld theory
and statistial physis if the weight is identied with the Boltzmann fator.
The only subtle point at this stage is, one has to assure that the analyti
ontinuation of the n-point Green's funtions to imaginary time exists (see
Setion 1.3 in [42℄ and referenes therein). The path integral beomes a
mathematially well dened objet, that is a onvergent multidimensional
integral, by disretising Eulidean spae-time on a nite lattie. This is the
basis of non-perturbative Monte-Carlo tehniques.
From now on we work inD = d+1 dimensional spae-time with Eulidean
metri δµν and drop the supersript, that is x0 refers to Eulidean time (Greek
subsripts always run from 0 to d). The Eulidean Dira matries satisfy
anti-ommutation relations
{γµ, γν} = 2δµν , (2.40)
are all hermitian
γ†µ = γµ , (2.41)
and are related to their Minkowskian ounterparts as
γ0 = γ
M
0 , γi = −iγMi . (2.42)
We are here dealing with theories in two and four dimensions and the de-
nition of the Eulidean γ5 diers by a fator due to demanding hermitiity
D = 2 : γ5 = iγ0γ1 , D = 4 : γ5 = γ0γ1γ2γ3 . (2.43)
Expliit representations of the Dira matries are given in the Appendix
A.1.1.
Although the ultimate goal is to onsider eld theories on a lattie with
boundaries we start here with the more ommon hyperubi lattie with
either innite extension or periodi boundary onditions. The sites of the
lattie are labelled by xµ = anµ with integer nµ and lattie spaing a, whih
is the same in all diretions. On a nite lattie the oordinates are restrited
to 0 ≤ xµ < L giving a total number of lattie sites V/aD = LD/aD.
Continuum spae-time integrals are on the lattie replaed by sums over
all lattie sites ∫
dDx→ aD
∑
x
. (2.44)
The lattie spaing a is the minimal distane in the system and thus in-
trodues an ultraviolet ut-o. The momenta an be restrited to the rst
Brillouin zone
− π
a
< pµ ≤ π
a
. (2.45)
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On an innite lattie ontinuum momentum integrals are ut-o∫
dDp
(2π)D
→
∫ +π/a
−π/a
dDp
(2π)D
. (2.46)
On a nite lattie the allowed momenta are a disrete set in the range (2.45).
For periodi boundary onditions and integer nµ the V/a
D
allowed momenta
are
pµ =
2πnµ
L
, nµ = −L/2 < nµ ≤ L/2 , (2.47)
and the momentum integrals also beome momentum sums∫ +π/a
−π/a
dDp
(2π)D
→ 1
V
∑
p
. (2.48)
The disretisation of integrals was straightforward. However, ontinuum
dierential operators have innitely many valid lattie representations. We
introdue here the simplest possibilities whih will serve as building bloks
for more diult hoies. We onsider lattie elds ψ(x) dened at the sites
of the lattie. On a nite lattie we have to speify boundary onditions. We
hoose general periodi boundary onditions
ψ(x+ Lµˆ) = eiaθµψ(x) , −π < θµ ≤ π , (2.49)
parametrised by the phases θµ. The forward and bakward nite dierene
operators are
∂µψ(x) =
1
a
[ψ(x+ aµˆ)− ψ(x)] , (2.50)
∂∗µψ(x) =
1
a
[ψ(x)− ψ(x− aµˆ)] , (2.51)
where µˆ is a unit vetor in µ-diretion.
There is a dierent way of inorporating suh general boundary ondi-
tions. One takes the lattie elds as periodi
ψ(x+ Lµˆ) = ψ(x) , (2.52)
and denes the forward and bakward nite dierene operators as
∂µψ(x) =
1
a
[λµψ(x+ aµˆ)− ψ(x)] , (2.53)
∂∗µψ(x) =
1
a
[ψ(x)− λ−1µ ψ(x− aµˆ)] . (2.54)
The phase fators λµ depend on θµ
λµ = e
iaθµ/L , −π < θµ ≤ π . (2.55)
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The two notations are onneted by an Abelian gauge transformation. A
non-zero θµ introdues a momentum that is not restrited to the values of
(2.47). The onstrution with the phase fators λµ in the nite dierenes is
omputationally easier and therefore adopted here. On innite and periodi
latties the forward and bakward nite dierene operators obey
(∂µ)
† = −∂∗µ . (2.56)
Other important lattie operators are the anti-hermitian averaged nite
dierene operator
∂˜µψ(x) =
1
2
(∂µ + ∂
∗
µ)ψ(x) =
1
2a
[λµψ(x+ aµˆ)− λ−1µ ψ(x− aµˆ)] , (2.57)
and the hermitian lattie Laplae operator
∂µ∂
∗
µψ(x) = ∂µ∂
∗
µψ(x) =
1
a2
[λµψ(x+ aµˆ) + λ
−1
µ ψ(x− aµˆ)− 2ψ(x)] . (2.58)
As already mentioned there is some freedom in disretising dierential
operators and therefore the ation of a given eld theory. This is due to
the smaller symmetry on the lattie. In partiular Lorentz invariane is
broken and an innite number of (in this ase irrelevant from the point of
view of renormalisation) terms an appear in the lattie ation. In this way
innitely many dierent lattie ations for the same ontinuum theory are
possible. However, they are expeted to be equal in the ontinuum limit,
that is when the ut-o is removed. One says the dierent lattie ations
fall into the same universality lass haraterised by the target ontinuum
theory.
In numerial Monte-Carlo omputations one is interested in lattie ations
that balane between omplexity (numerial ost) and the rate at whih
the ontinuum limit is approahed (systemati error). Lattie perturbation
theory is an essential tool to provide analyti understanding of these lattie
artefats.
2.3 Continuum limit and lattie artefats
The renormalisation group funtion β(gR) desribes the variation of the
renormalised oupling gR with the ut-o at xed bare oupling
β(gR) = µ
∂gR(g0, aµ)
∂µ
∣∣∣∣∣
g0
= aµ
∂gR(g0, aµ)
∂aµ
∣∣∣∣∣
g0
. (2.59)
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Now we an ask how the bare oupling has to be varied with the ut-o for
xed renormalised oupling. The lattie beta-funtion β
LAT
(g0) is dened
through
a
d
da
gR =
{
a
∂
∂a
− β
LAT
(g0)
∂
∂g0
}
gR(g0, aµ) = 0 . (2.60)
β
LAT
(g0) = −a∂g0(gR, aµ)
∂a
∣∣∣∣∣
gR
. (2.61)
Sine
a
∂
∂a
gR(g0, aµ) = µ
∂
∂µ
gR(g0, aµ) = β(gR) , (2.62)
the two beta-funtion are related in the following way
β
LAT
(g0)
∂gR(g0, aµ)
∂g0
= β(gR) . (2.63)
And beause at lowest order in perturbation theory the both ouplings are
equal, gR = g0 + O(g
2
0), we know from Setion 2.1.3, that the rst two
oeients of the beta-funtions are idential. In partiular, this means that
the bare oupling vanishes in the limit a→ 0.
As mentioned at the end of Setion 2.1.1 renormalised lattie Green's
funtions have a nite ontinuum limit a → 0 and dier from this limit by
terms of order a
ΓR(p; gR, mR, µ, aµ) = ΓR(p; gR, mR, µ) + O
(
a(ln a)k
)
, (2.64)
at k-loop order in perturbation theory [6℄. It is widely believed that this be-
haviour also holds beyond perturbation theory and non-perturbative Monte
Carlo data (naturally only available at nite a) is extrapolated to the on-
tinuum aordingly. Sine perturbative omputations are the only analyti
tool to learn about the size of these lattie artefats suh omputations are
essential, espeially if new methods are used. For example, the amplitude of
the lattie artefats an be very dierent for dierent lattie ations.
In order to obtain numbers in lattie perturbation theory one almost
always is fored to evaluate some lattie or momentum sums numerially.
Consider a quantity P (a/L) that is a sum of lattie diagrams at 2-loop order,
where we suppress any dependene on the external lines. We supose that P
is dimensionless. If it is not, it an be made so by appropriate fators of
a. Futhermore we suppose that it is nite at a/L = 0, whih always an be
ahieved by multipliation with appropriate fators of a/L. Then P has an
expansion in a/L
P (a/L) =
∞∑
n=0
[
rn + sn ln(a/L) + tn ln
2(a/L)
]
(a/L)n . (2.65)
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The generalisation to abitrary loop order should be obvious.
In pratie, P (a/L) is omputed at several values of a/L. In order to
extrat the oeients of the expansion 2.65 we use the method desribed
in Appendix D of Ref. [45℄. In this way it is possible to reliably determine
the systemati unertainties that are inevitable involved in suh a numerial
analysis of lattie Feynman diagrams.
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Chapter 3
Chiral symmetry on the lattie
The Eulidean Lagrangian of N free fermions is
L = ψ(x) (γµ∂µ +m)ψ(x) , (3.1)
where the fermion elds arry suppressed Dira and avour indies. The
avour indies, labelling the N fermions, are ontrated by a unit matrix in
avour spae. For m = 0 the theory is invariant under a global U(N)×U(N)
avour symmetry whih an be deomposed into U(1)V ×U(1)A transforma-
tions
ψ → eiωV +iγ5ωA ψ , ψ → ψ e−iωV +iγ5ωA , (3.2)
ating equally on all avours and hiral SU(N)× SU(N) transformations
ψ → eiθaV λa+iγ5θaAλa ψ , ψ → ψ e−iθaV λa+iγ5θaAλa , (3.3)
where the generators of the SU(N) algebra λa at on the avour indies. 1
The subsripts V and A refer to the assoiated Noether urrents (see next
setion), whih are of Lorentz vetor and axial-vetor type:
Vµ = ψγµψ , Aµ = ψγµγ5ψ , (3.4)
and
V aµ = ψγµλ
aψ , Aaµ = ψγµγ5λ
aψ . (3.5)
We use the same letters for the SU(N) singlet (3.4) and vetor urrents (3.5)
but indiate the dierene by an additional supersript for the vetor ones.
We an introdue a new set of generators
taL = (1− γ5)λa , taR = (1 + γ5)λa , (3.6)
1
The generators λa are normalised to obey Tr
{
λa λb
}
= 2δab. See Appendix A.1.2 for
more details.
20 Chiral symmetry on the lattie
with ommutation relations
[taL, t
b
L] = 2if
abctcL , (3.7)
[taR, t
b
R] = 2if
abctcR , (3.8)
[taL, t
b
R] = 0 . (3.9)
The tLs and tRs obviously form two losed subalgebras. Thus, as indiated
by the notation, hiral SU(N) × SU(N) is the diret sum of two SU(N)
subgroups ating independently on the left- and right-handed omponents of
the fermion eld
ψL =
1
2
(1− γ5)ψ , ψR = 12(1 + γ5)ψ . (3.10)
A general mass term ψmψ with m = diag(m1, . . . , mN) in (3.1) breaks
all of these symmetries but multipliation with an U(1)V phase. N mass
degenerated fermions (m ∝ 1) lift this to an U(N)V sine also the generators
λa remain unbroken.
In QCD hiral symmetry plays a key role in understanding the mass
spetrum of the light mesons. The pions, for example, are seen as the Gold-
stone bosons [46, 47℄ assoiated with the spontaneously axial generators of
SU(2)× SU(2) [48℄. The QCD Lagrangian with only the two light u and d
quarks has this symmetry in the massless limit, whih is a good approxima-
tion beause mu,d is muh smaller than a typial hadron mass sale. Indeed
isospin symmetry and quark number onservation, U(1)V and SU(N)V re-
spetively, are experimentally onrmed to high preision [1℄. The axial
generators γ5λ
a
are spontaneously broken in the quantum theory by a non-
vanishing quark ondensate leading to three massless Goldstone bosons: the
pions. The small but non-zero mass of the pions is due to the fat that
SU(2)× SU(2) is only an approximate symmetry.
So far, nothing has been said about the axial U(1)A, i.e. ontinuous
hiral phase transformations ψ → eiωAγ5ψ. In QCD this symmetry is also
broken, but it must be in a dierent way sine there is no light iso-singlet
state expeted from the Goldstone theorem. The eet an be traed bak to
the topologial struture of the vauum gauge eld [49℄ and also explains the
suppression of the eletromagneti deay of the neutral pion [43℄. However,
this hiral or axial anomaly is tightly onneted to gauge symmetry. The two-
dimensional fermion model onsidered in this thesis has no gauge symmetry
and therefore the U(1)A is not anomalous.
As already stated above understanding the struture of the low energy
regime of QCD needs understanding of hiral symmetry and how it is vio-
lated. Sine the QCD oupling is large (f. Setion 2.1.3) at low energies
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non-perturbative methods suh as numerial lattie QCD are needed. The
disretisations used today handle hiral symmetry quite dierently. We will
disuss two dierent lattie Dira operators and present their hiral prop-
erties. But before that we introdue the urrents assoiated with the sym-
metries and derive operator identities from innitesimal variable transforma-
tions in the path integral.
3.1 Continuum Ward identities
Here we derive operator identities, so alled Ward identities. They are on-
veniently derived by variable transformations in the path integral for the
expetation value of operators, where the new variables are onneted to the
old ones by innitesimal loal transformations
ψ → ψ + δψ , ψ → ψ + δψ . (3.11)
The expetation value of a loal operator O, that is a eld omposed of
fermion elds and their derivatives evaluated at the same spae-time point,
is 〈O〉 = 1
Z
∫
DψDψ O e−S , (3.12)
with the Eulidean ation
S =
∫
dDx L =
∫
dDx ψ(x) (γµ∂µ +m)ψ(x) . (3.13)
A linear hange of the Grassmann valued fermion elds in (3.12) not
only eets the operator and the ation but also the integration measure by
introduing a non-trivial Jaobian
ψ′ = Aψ , ψ
′
= A¯ψ , (3.14)
DψDψ = detA det A¯ · Dψ′Dψ′ = J · Dψ′Dψ′ . (3.15)
For simpliity we assume the innitesimal transformations (3.11) an be rep-
resented by
A = 1 + ωX , A¯ = 1 + ωX¯ , (3.16)
where ω is an innitesimal funtion of spae-time evaluated at the point of
the eld and X , X¯ are matries ating on Dira and avour indies. Then
we an use det(1+ωX) = 1+ωTr {X}+O(ω2) to write J = 1+δJ+O(ω2).
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Let δS and δO be the hange in the ation and the operator for a given
hange of fermion elds. Performing an innitesimal hange of variables in
the path integral yields〈O〉 = 1
Z
∫
DψDψ O e−S , (3.17)
=
1
Z
∫
DψDψ (1 + δJ +O(ω2)) (O + δO) e−S(1− δS) , (3.18)
=
〈O〉+ 〈δO〉− 〈O δS〉+ 〈O δJ〉 +O(ω2) . (3.19)
Thus we derived the general identity〈
δO〉− 〈O δS〉+ 〈O δJ〉 = 0 . (3.20)
Let us restrit ω(x) to a regionR, that is ω(x) = 0 for x /∈ R. If we hoose an
operator O
ext
dened outside the regionR where the variable transformation
is performed then δO
ext
= 0. Likewise the hange in the ation is supported
only in R
δS =
∫
R
dDx δL . (3.21)
Eq. (3.20) further simplies to〈O
ext
δS
〉
=
〈O
ext
δJ
〉
. (3.22)
Now we promote the global transformations of (3.2) and (3.3) to loal
but innitesimal transformations like
a) u(1)V : δψ = iωV ψ , δψ = −iωV ψ (3.23)
b) u(1)A: δψ = iωAγ5ψ , δψ = iωAψγ5 (3.24)
c) su(N)V : δψ = iω
a
V λ
aψ , δψ = −iωaV ψλa (3.25)
d) su(N)A: δψ = iω
a
Aλ
aγ5ψ , δψ = iω
a
Aψγ5λ
a , (3.26)
where the ωs are now innitesimal funtions of spae-time evaluated at the
point of the eld.
For the SU(N) vetor transformations c) and d) the Jaobian is unity
(δJ = 0) beause the SU(N) generators are traeless. The hange in the
ation is
δV S =
∫
R
dDx ωaV
[−∂µV aµ (x)− ψ(x)[λa, m]ψ(x)] , (3.27)
and (3.28)
δAS =
∫
R
dDx ωaA
[−∂µAaµ(x) + 2mP a(x)] , (3.29)
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respetively. Then the identity (3.22) beomes〈
∂µV
a
µ (x)Oext
〉
=
〈
ψ(x)[m, λa]ψ(x)O
ext
〉
(3.30)
and 〈
∂µA
a
µ(x)Oext
〉
=
〈
ψ(x)γ5{λa, m}ψ(x)Oext
〉
. (3.31)
In deriving these identities one has to make use of the arbitrariness of the
exat denition of ω(x). For mass degenerate fermions one nds the SU(N)
vetor urrent onservation 〈
∂µV
a
µ (x)Oext
〉
= 0 (3.32)
and the partially onserved axial urrent (PCAC)〈
∂µA
a
µ(x)Oext
〉
= 2m
〈
P a(x)O
ext
〉
, (3.33)
with the avour vetor pseudo-salar density
P a(x) = ψ(x)γ5λ
aψ(x) . (3.34)
Although we onsidered here free fermions without gauge interations the
alulation in QCD yields the same identities (see [49℄ for example).
For the U(1) transformations a) and b) the hange in the ation is
δV S =
∫
R
dDx ωV [−∂µVµ(x)] , (3.35)
and (3.36)
δAS =
∫
R
dDx ωA [−∂µAµ(x) + 2mP (x)] . (3.37)
The orresponding operator identities are the fermion number onservation〈
∂µVµ(x)Oext
〉
= 0 (3.38)
and the singlet PCAC relation〈
∂µAµ(x)Oext
〉
= 2m
〈
P (x)O
ext
〉
, (3.39)
with the singlet pseudo-salar density
P (x) = ψ(x)γ5ψ(x) . (3.40)
As already mentioned in QCD the U(1)A symmetry is anomalous and
Aµ(x) is not onserved in the quantum theory even for vanishing masses.
Along the presented steps, also in QCD we would have arrived at (3.39), in
ontradition to the anomaly. This is beause the treatment here was very
formal. That is, we performed variable transformations in an integral that is
not well dened in rst plae. If QCD is regularised rst (3.39) is hanged
and the anomaly is reovered. Using Ginsparg-Wilson fermions the anomaly
an be omputed easily [50℄.
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3.2 Lattie Ward identities
The steps that led us to the ontinuum PCAC relations an be applied on
the lattie [51℄. The expressions for lattie urrents are then multiloal,
in the sense that they involve more then one lattie site, and additional
terms an appear that are allowed by the lattie symmetries. However, the
dierene between multiloal and loal
2
beomes irrelevant in the ontinuum
limit. Futhermore the ontinuum PCAC relations are part of the denition
of the theory and thus, at nite lattie spaing and for properly renormalised
operators they hold up to uto eets.
In perturbation theory on expets terms of O(a ln(a)l) in l-loop order.
In the ase of massless fermions, for example, eq. (3.33) implies the lattie
version 〈
∂˜µ
(
Aaµ(x)
)
R
(O
ext
)R
〉
= O(a ln(a)l) . (3.41)
On the lattie we also use the loal urrents and densities. Thus the ontin-
uum denitions (3.5), (3.4), (3.34), (3.40) transfer to lattie. Although the
axial-vetor and vetor urrents are onserved in the massless theory they
reeive a nite renormalistion on the lattie(
Aaµ(x)
)
R
= ZAA
a
µ(x) and (Aµ(x))R = ZAAµ(x) , (3.42)(
V aµ (x)
)
R
= ZV V
a
µ (x) and (Vµ(x))R = ZV Vµ(x) , (3.43)
with
ZI = 1 + Z
(1)
I g
2 + . . . . (3.44)
3.3 Nielsen-Ninomiya theorem
Before disussing the two lattie Dira operators used in this thesis we briey
desribe the broader ontext of lattie fermions and hiral symmetry. As we
will see hiral symmetry in the lattie regularisation is tightly onneted to
other desirable properties of the operator D = γµDµ in the massless ation
S = aD
∑
x
ψ(x)Dψ(x) . (3.45)
2
Here loality refers to operators omposed of elds that are all taken at the same
spae-time point. It may not be onfused with the loality of a dierential operator like
the Dira operator.
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The kernel D(x − y) and the Fourier transform D˜(p) of the Dira operator
are dened through
Dψ(x) = aD
∑
y
D(x− y)ψ(y) , D(x− y) =
∫ π/a
−π/a
dDp
(2π)D
eip(x−y)D˜(p) .
(3.46)
To give an example onsider the simplest lattie Dira operator one ould
think of
D
naive
= 1
2
{γµ(∂∗µ + ∂µ)} , (3.47)
that is the averaged nite dierene (2.57) ontrated with the gamma-
matries. Indeed, D
naive
anti-ommutes with γ5 and thus (3.45) would be
invariant under the hiral transformations (3.24) and (3.26). But it turns
out that this Dira operator leads to a proliferation of fermion speies. The
operator in Fourier spae
D˜
naive
(p) = 1
a
∑
µ
sin(apµ) , −π/a < pµ ≤ π/a , (3.48)
has 4 and 16 zeros in two and four dimensions respetively. Thus D˜−1
naive
is
not only propagating a single physial fermion (the zero at pµ = 0), but also
the so alled doubler modes.
This is not an aident. The appearane of the doublers is in aordane
with the Nielsen-Ninomiya theorem [52, 53, 54, 55℄. It an be stated in the
form:
3
Theorem 1 Any massless lattie Dira operator annot satisfy the following
four properties simultaneously:
a) aD(x) is loal in the sense that it is bounded by Ce−γ|x−y|/a
b) D˜(p) = iγµpµ +O(ap
2) for |p| ≪ π/a
) D˜(p) is invertible at all non-zero momenta
d) γ5D −Dγ5 = 0
In the bound in a) C and γ > 0 are onstants that do not depend on a.
With respet to the universality of the ontinuum limit a Dira operator
with suh exponentially small tails is ertainly as good as an ultra-loal
operator with only nearest neighbour interations. The property b) is the
3
The theorem was originally proven for fermions on two- and four-dimensional latties
[54℄.
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right ontinuum behaviour at small momentum. Doublers are exluded by
) and hiral symmetry in the form of (3.24) and (3.26) is guaranteed by d).
Any fermion disretisation in two or four dimensions has to abandon at
least one of these desirable properties. In the example given in this setion
one nds a bunh of doubler modes, i.e. ) is violated. In the free theory this
may not be a problem, but in the interating theory they would ontribute
in the loop orretions.
In the following two setions we disuss the Wilson and the Ginsparg-
Wilson fermions, both abandoning d), but in a very dierent way and with
very dierent onsequenes.
3.4 Wilson fermions
In the view of the last setion Wilson's approah [56℄ to remove the doublers
is to sarie hiral symmetry by adding an irrelevant term to (3.47). The
Wilson-Dira operator is given by
4
D
W
= 1
2
{γµ(∂∗µ + ∂µ)− a∂∗µ∂µ} , (3.49)
and orresponding massive Dira operator is simply
Dm = DW +m0 . (3.50)
Looking at the Fourier transform
D˜
W
(p) = 1
a
∑
µ
{γµ sin(apµ) + 2a sin2(apµ/2)} , (3.51)
we see that the doublers reeive a mass of the order of the ut-o and hene
are strongly suppressed at nite a and eventually disappear in the ontinuum
limit.
The prie to pay is that the lattie Laplae operator a∂∗µ∂µ expliitly
breaks hiral symmetry at nite lattie spaing. As a onsequene a vanishing
bare mass does not automatially imply a onserved axial urrent as in the
ontinuum (3.33). But this operator identity has to hold for the renormalised
quantities also on the lattie up to saling violations〈[
∂˜µ
(
Aaµ(x)
)
R
− 2mR (P (x))R
]
(O
ext
)R
〉
= O(a ln(a)l) . (3.52)
4
Often there is an additional parameter 0 < r ≤ 1 multiplying the lattie Laplae
operator: −ar∂∗µ∂µ. Throughout this thesis we set r = 1.
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In fat, together with (2.3)
mR = mq Zm(g0, aµ) , mq = m0 −mc , (3.53)
eq. (3.52) serves as denition of the ritial massmc [51℄, that is, the value of
the bare mass at whih the axial urrent is onserved up to saling violations
m0 = mc(g) suh that
〈
∂˜µ
(
Aaµ(x)
)
R
(O
ext
)R
〉
= O(a ln(a)l) . (3.54)
In the two-dimensional Gross-Neveu model the global hiral U(1) symmetry
is not anomalous and thus a ritial mass for the onservation of the singlet
axial urrent an be dened
m0 = mc(g) suh that
〈
∂˜µ (Aµ(x))R (Oext)R
〉
= O(a ln(a)l) . (3.55)
In this thesis we employ the latter denition. As indiated the ritial mass
an be omputed in perturbation theory as a power series in the oupling
onstant
mc(g) = m
(0)
c +m
(1)
c g
2 +m(2)c g
4 +O(g6) . (3.56)
Having mass dimension one, mc will anel the linear divergene spoiling
the PCAC relation ((3.33) or (3.39)) due to the expliitly broken hiral sym-
metry. However, there may also be a term of order O(1). In QCD suh a
term is not present beause there is no hiral symmetry breaking operator of
mass dimension four. Therefore it is enough to tune mc. But in two dimen-
sions there are hiral symmetry breaking four fermion interations and one
has to tune a dimensionless parameter in addition to mc (see Setion 5.3.1).
3.5 Ginsparg-Wilson fermions
From the Nielsen-Ninomiya theorem (page 25) one may onlude that it
is not possible to onstrut a meaningful lattie theory of fermions with
hiral symmetry. However, the way out was disovered shortly after the
original paper by Nielsen and Ninomiya. Studying blok-spin renormalisation
in lattie QCD, Ginsparg and Wilson [33℄ found the relation
5
γ5D +Dγ5 = aDγ5D , (3.57)
for the lattie Dira operator. But it was not reognised at the time and
remained unappreiated until Hasenfratz [57℄ redisovered it in the ontext
5
In Ref. [33℄ the authors atually derive a more general relation, but (3.57) is the most
spread version and is used solely in this thesis.
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of the perfet ation. Indeed, the Dira operator of the perfet ation obeys
the Ginsparg-Wilson relation (3.57).
In the following Neuberger [58℄ found an expliit solution to (3.57) and the
dimensional redued Dira operator of the domain wall fermion was reog-
nised to obey the Ginsparg-Wilson relation [59℄.
Before turning to the solution presented by Neuberger we point out that
the importane of (3.57) is due to the fat that it allows for an exat hi-
ral symmetry [50℄. Consider the innitesimal transformation of the fermion
elds
6
ψ → ψ + ǫγ5(1− aD)ψ , ψ → ψ + ǫψγ5 . (3.58)
This is an exat symmetry of the ation (3.45)
δS = aD
∑
x
ǫψ(x) (Dγ5(1− aD) + γ5D)ψ(x) (3.57)= 0 . (3.59)
In the ontinuum limit (3.58) beome the familiar hiral phase transforma-
tions (3.24). Chiral avour transformations are dened analogously by re-
plaing ǫγ5 → ǫaγ5λa in (3.58).
As a onsequene on the lattie one gets (3.41), and similar for the sin-
glet axial urrent, for free. Of ourse there is a exatly onserved urrent
orresponding to the symmetry (3.58), but it is ompliated in struture and
not ultra-loal.
The Neuberger-Dira operator [58℄ is given by the expression
D =
1
a¯
{
1− A (A†A)−1/2} , a¯ = a
1 + s
, (3.60)
A = 1 + s− aD
W
, (3.61)
with the Wilson Dira operator D
W
as introdued in Setion 3.49 and a pa-
rameter 0 ≤ s ≤ 1/2 that allows for some optimisation. For any A obeying
Aγ5 = γ5A
†
this operator satises (3.57) with a replaed by a¯. That is er-
tainly the ase for D
W
. More properties of the operator (3.60) are disussed
in [60℄. The best hoie for the massive Dira operator, for example, is
Dm = (1− 12 a¯m)D +m. (3.62)
6
Note that the fermion elds an be transformed independently in Eulidean spae.
Chapter 4
The Shrödinger funtional
Nonperturbative lattie QCD is set up to deliver preditions from rst prini-
ples without unontrolled approximations, mostly in the form of MC simula-
tions. One ingredient on the way from numbers to physis is renormalisation.
In order to stay on the road of rst priniples, also the renormalisation has
to be done non-perturbatively. Here the Shrödinger funtional (SF) has
proved to be a powerful framework.
The Shrödinger funtional in a quantum eld theory is the transition
amplitude between eld ongurations at time zero and some later time. In
an Eulidean presription it an be represented by a funtional integral
Z =
∫
e−S , (4.1)
where the elds are dened on a spae-time manifold with boundaries and
obey Dirihlet boundary onditions.
There exists a reasonable amount of literature about the Shrödinger
funtional in lattie QCD and its merits. One of the motivations to study
the SF was, that it provides a infrared ut-o O(1/T ) to the theory [61℄,
where T ∝ L is the time extension of the lattie. Sine it is a nite size
regularisation sheme, the size of the system L is a natural sale in the theory.
By employing nite size reursion tehniques, it is thus possible to onnet
the low energy regime of the light mesons with the high energy regime of
perturbative QCD. In this way the running of the strong oupling and the
fundamental parameters of QCD an be omputed [3, 11, 62℄. We an not
give a thorough introdution to these topis here. Instead we refer the reader
to the Les Houhes letures by Lüsher [49℄, whih give an overview about
the tehniques. In the present hapter we disuss the renormalisability of the
SF and on its lattie representation.
In the ontinuum formulation of the Shrödinger funtional the fermion
30 The Shrödinger funtional
elds are dened in the time interval x0 = [0, T ]. At the boundaries they are
subjet to the onditions
P+ψ(x) = ψ(x)P− = 0 at x0 = 0 , (4.2)
P−ψ(x) = ψ(x)P+ = 0 at x0 = T . (4.3)
The projetors ourring in these equations are dened as
P± =
1
2
(1± γ0) . (4.4)
Note that these boundary onditions are invariant under spae rotations,
parity, time reetions and harge onjugation, but not under hiral trans-
formations (3.2) and (3.3).
In this hapter we onentrate on bilinear fermioni ations
SF =
∫ T
0
d x0
∫
dd x ψ(x)Dψ(x) , (4.5)
D = γµ∂µ +A+m0 , (4.6)
where d = 1 or d = 3 and A(x) is the sum of bosoni elds mediating the
interations. In the ase of QCD obviously A = γµAµ(x), with the gauge
eld Aµ(x). In the ase of the GN the four fermion interation terms an be
replaed by bosoni auxiliary elds in the funtional integral. The fermion
ation is then also of the form (4.5) (f. Setion C.1). The gauge eld or the
auxiliary elds will play a spetator role most of the time. However, desirable
properties like renormalisability and loality (in the lattie formulation) of
the theory may depend on their details.
In the standard formulation of the SF inhomogeneous boundary ondi-
tions are adopted and the boundary values are used as soures for the fermion
elds at the boundary [61℄. With the homogeneous boundary onditions of
Eqs. (4.2, 4.3) the boundary fermion elds an be dened through the non-
zero Dira omponents
ζ(x) = P−ψ(x) , ζ(x) = ψ(x)P+ at x0 = 0 , (4.7)
ζ ′(x) = P+ψ(x) , ζ
′
(x) = ψ(x)P− at x0 = T . (4.8)
This is the onvention used in [32℄.
The boundary onditions of the SF may ause additional divergenes. In
quantum eld theory one has learned to deal with divergenes. They are
absorbed into a normalisation of the elds and parameter of the theory.
If one gets away with a redenition of a nite number of parameters, the
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theory is alled renormalisable. It is then not obvious, that the theory with
the boundaries stays nite.
Symanzik argues in [63℄ (see also [64℄ for an introdution) that the SF of
any renormalisable quantum eld theory an be rendered nite by adding a
nite number of boundary ounterterms. These are loal polynomials in the
elds and their derivatives, integrated over the boundary. They are restrited
by the symmetries of the theory and have mass dimension d or less.
The argument is based on expliit alulations in salar φ4 theory, where
one has to add two new boundary ounterterms φ2 and φ∂0φ. The expeta-
tion ould be shown to hold up to 2-loop of perturbation theory in SU(N)
Yang-Mills theory [65, 66℄ and in QCD [45, 67℄. In the former ase the
symmetries forbid any boundary ounterterms and in the later they an be
absorbed in a multipliative renormalisation of the quark elds at the bound-
ary . Although a proof is still missing, there is little doubt that the SF of
QCD is renormalisable, given the suess of the method in non-perturbative
omputations [68℄.
Disretising the Shrödinger funtional of a given quantum eld theory
involves then two questions. Boundary onditions like Eqs. (4.2, 4.3) make
only sense when imposed on smooth funtions, but the lattie is disrete by
denition and the lattie elds are only dened at the sites of the lattie. So
the question arises how the ontinuum boundary onditions are represented
on the lattie. Furthermore the lattie breaks some ontinuum symmetries,
like ontinuous rotations, translations and hiral transformations. This may
give rise not only to new terms in the bulk of the lattie, but also to additional
terms at the boundaries.
In Setion 4.1 we address the rst question with an heuristi argument
to make plausible, that the Shrödinger funtional boundary onditions arise
naturally in the ontinuum limit and need no speial adjustments of the
lattie ation. Then in Setion 4.2 we get expliit and present formulae for
the well studied lattie SF with Wilson fermions. We present a rather reent
proposal [32℄ for an overlap Dira operator in the SF in Setion 4.3. There is
another proposal for a SF with Ginsparg-Wilson fermions by Taniguhi [69℄.
There the boundary onditions are realised through an orbifold projetion.
However, there are some tehnial diulties, i.e the fermion determinant
has a phase and fermions masses an not be introdued straightforwardly.
Therefore we onsider only the proposal of Ref. [32℄. At the end of this
Chapter we ome bak to the question of boundary ounter terms.
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4.1 Latties with boundaries
Disretising a eld theory involves some freedom in the denition of the
lattie ation. For example the dierential operator ∂µ an be replaed by the
forward nite dierene a∂µψ(x) = ψ(x+aµ)−ψ(x) or by the averaged nite
dierene a∂˜µψ(x) = ψ(x+ aµ)− ψ(x− aµ). That both hoies lead to the
same ontinuum theory is assured by the loal nature of the resulting ations.
In the ontinuum limit the relevant length sale of the theory beomes muh
larger than the lattie spaing a and the mirosopi (length sale a) details
beome irrelevant. One says the two ations belong to the same universality
lass.
These lasses are haraterised by global properties like dimensionality
and symmetries. In statistial mehanis universal behaviour ours in the
viinity of the ritial lines and there the onept of universality has been
extended to systems with boundaries (see [70℄ for a review). This means for
the disretisation of eld theories that boundary onditions imposed in the
ontinuum theory, together with the dimensionality and the symmetries of
the theory, dene an universality lass. In general requiring loality, symme-
tries and power-ounting redue the number of possible boundary onditions
and therefore the number of universality lasses.
The line of argument followed here is borrowed from Setion 3 in Ref.
[32℄ and we also start with the simple example of a free salar eld.
4.1.1 Free salar eld
We onsider a free salar eld in the half-spae x0 ≤ 0. We do not speify
the boundary ondition at x0 = 0, but rather explore where we are lead to
in the ontinuum limit starting from dierent lattie ations. The lattie
elds φ(x) are dened at the sites of a hyperubi lattie with spaing a.
Only the elds at x0 = a, 2a, 3a, . . . are dynamial degrees of freedom and
are integrated over in the funtional integral. A possible lattie ation reads
S = a4
∑
x0≥a
∑
x
1
2
{∂µφ(x)∂µφ(x) +m2φ(x)2} , (4.9)
where ∂µ is the forward dierene operator in µ diretion. Note that the
ation depends only on the dynamial degrees of freedom.
In order to alulate the propagator we write Eq. (4.9) as a quadrati
form in φ
S = a4
∑
x0≥a
∑
x
1
2
φ(x){−∂∗µ∂µ +m2 + P}φ(x) (4.10)
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with the bakward dierene operator ∂∗µ. Replaing the symmetri nearest
neighbour interation of Eq. (4.9) by the one in Eq. (4.10) produes some
mismathed terms near the boundary. This is ured by the inlusion of the
boundary term
P = −1
a
δx0,a ∂
∗
0 . (4.11)
The dening equation of the propagator G(x, y) follows diretly from the
ation (4.10)
(−∂∗µ∂µ +m2 + P )G(x, y) = a−4δx,y , x0 , y0 ≥ a . (4.12)
Due to translation invariane in the spae diretions the propagator an be
alulated in a time-momentum representation
G(x, y) =
∫ π/a
−π/a
d3p
(2π)3
eip(x−y) G˜(x0, y0,p) . (4.13)
This is done by rst determining the eigenfuntions of −∂∗µ∂µ +m2 that are
annihilated by P
eipx cos
(
(x0 − a2 )p0
)
. (4.14)
It is then easy to write down the propagator
G˜(x0, y0,p) =
∫ 2π/a
0
dp0
π
1
m2 + pˆ2
cos
(
(x0 − a2)p0
)
cos
(
(y0 − a2 )p0
)
. (4.15)
In the ontinuum limit the integral an be done and the result is
G
ont
(x, y) =
∫
d3p
(2π)3
eip(x−y)
2ǫ(p)
(
e−ǫ(p)|x0−y0| + e−ǫ(p)(x0+y0)
)
, (4.16)
ǫ(p) =
√
m2 + pˆ2 . (4.17)
Examining the behaviour at the boundary one infers that the propagator
satises Neumann boundary onditions in the ontinuum limit
∂0Gont(x, y)
∣∣
x0=0
= 0 . (4.18)
Now we slightly modify the ation by adding a boundary term
S → S + a3
∑
x
c
2a
φ(x)2
∣∣∣
x0=a
. (4.19)
Note that the powers of a are suh that c > 0 is dimensionless. The propa-
gator is still given by (4.12) but now P has an additional term
P =
1
a
δx0,a
(
−∂∗0 +
c
a
)
. (4.20)
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The eigenfuntions that are annihilated by P are a bit more ompliated
eipx sin ((x0 − a)p0 + ϕ(p0)) , (4.21)
ϕ(p0) = arctan
(
sin (p0)
cos (p0) + c− 1
)
. (4.22)
The propagator is similar to (4.15) but with the eigenfuntions (4.21). Again
the integral an be performed in the ontinuum limit and the result is
Gc
ont
(x, y) =
∫
d3p
(2π)3
eip(x−y)
2ǫ(p)
(
e−ǫ(p)|x0−y0| − e−ǫ(p)(x0+y0)) . (4.23)
This propagator satises Dirihlet boundary onditions
Gc
ont
(x, y)
∣∣
x0=0
= 0 . (4.24)
A small hange in the ation led to a totally dierent lass of boundary
onditions. This an be made a bit more transparent by looking at the eld
equation 〈
η(x)φ(y)
〉
= a−4δx,y , η(x) =
δS
δφ(x)
. (4.25)
From the ation in the form (4.19) we derive
η(x) = {−∂∗µ∂µ +m2}φ(x) , x0 > a . (4.26)
Thus in the bulk of the lattie we nd the Klein-Gordon equation. But at
the boundary x0 = a we nd
η(x) =
c
a2
φ(x)− 1
a
∂0 φ(x) + {−∂∗k∂k +m2}φ(x) . (4.27)
The negative powers of a in front of the rst two terms are due to the fat
that they are supported only at the boundary. Taking the limit a → 0 the
rst term dominates for all c > 0. Thus in the ontinuum limit the eld
equation at the boundary implies Dirihlet boundary onditions at x0 = 0.
In the somehow speial ase c = 0 the seond term dominates and the eld
equation implies Neumann boundary onditions.
4.1.2 The SF universality lasses
In the example of the last setion no boundary onditions were imposed
onto the lattie elds. The boundary onditions were enoded in the lattie
ation and emerged when we took the limit a→ 0. But we found two distint
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lasses of boundary onditions. One that is generi, in the sense that it is
found for a wide range of ations (all c > 0). And one that is sensitive to
small perturbations of the ation.
Clearly a free salar eld is a trivial example. In the ase of interating
theories or more ompliated ations the analysis of the eld equations will
not be so transparent. But boundary onditions that respet loality will
always be of the form
O(x)∣∣
x0=0
= 0 , (4.28)
where O(x) is a linear ombination of loal elds and their derivatives with
the appropriate symmetry properties.
Inspired by the above example it is plausible that the generi boundary
onditions, that are stable under perturbations of the lattie ation, are those
imposed on the elds with the lowest dimension. All other possible boundary
onditions will require some tuning of the lattie ation, unless there are
symmetries that protet them.
We want to apply this argument now to the ase of fermions in two (GN)
and four dimensions (QCD). In both ases the fermions are represented on the
lattie by Dira spinors ψ(x) at eah lattie site. Both theories are asymptot-
ially free, assuring that the saling dimension of loal elds is equal to their
engineering dimension (f. Setion 2.1). Thus the elds of lowest dimension
are the fermion elds themselves and the generi boundary onditions are of
the from
B ψ(x)
∣∣
x0=0
= 0 , (4.29)
where B is a onstant matrix with Dira, avour and, in the ase of QCD,
olour indies. Boundary onditions at a later time x0 = T are then linked
to those at x0 = 0 by time reetion symmetry and the onditions for the
anti-fermion eld are given by harge onjugation symmetry.
The possible boundary onditions are further restrited by the lattie
symmetries. If the lattie theory is invariant under gauge and avour trans-
formations, ubi rotations and parity, so should be the boundary onditions.
And nally the matrix B annot have full rank sine the Dira equation is a
rst order dierential equation and the two onditions at x0 = 0 and x0 = T
would imply a vanishing fermion propagator. Up to a onstant fator there
are only two matries satisfying all these properties
B = P− and B = P+ . (4.30)
The homogeneous Dirihlet boundary onditions of the Shrödinger fun-
tional are therefore the generi ones and do not need any ne tuning or par-
tiular adjustment of the lattie ation. There are two universality lasses of
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lattie theories whih dier by the sign in the boundary ondition
P± ψ(x)
∣∣
x0=0
= 0 . (4.31)
Sine the two are onneted by a nite hiral transformation, the dierene
matters only for non-vanishing fermion masses. In this ase the sign an be
determined by inspetion of the free propagator.
4.2 Free Wilson fermions
In the ontinuum the Shrödinger funtional an be represented by a fun-
tional integral
Z =
∫
DψDψ e−SF[ψ,ψ] , (4.32)
where the elds obey Dirihlet boundary onditions (4.24.3) and the ation
may be given by (4.5). For simpliity we omit any interation (gauge or four
fermion) and introdue a d + 1 dimensional lattie with spaing a and label
the sites by integer multiples xµ/a ∈ Z , µ = 0, . . . , d. The spae diretions
are taken to be periodi with length L
ψ(x+ Lkˆ) = ψ(x) , (4.33)
where kˆ is an unit length vetor in diretion k = 1, . . . , d. The fermion elds
at times x0 = a, 2a, . . . , T − a are the dynamial degrees of freedom (the
elds that are integrated over in the funtional integral). It is onvenient to
assume that the fermion elds are dened at all other values of x0 as well,
but that they are zero there. The free lattie ation takes then the familiar
form
S0 = a
D
∑
x
ψ(x)Dm ψ(x) , (4.34)
where Dm is some disretisation of the massive Dira operator.
4.2.1 Dira operator and propagator
In the present setion we onsider
Dm = DW +m0 , (4.35)
where the Wilson Dira operator is dened as (f. Setion 3.4)
D
W
= 1
2
{γµ(∂∗µ + ∂µ)− a∂∗µ∂µ} , (4.36)
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in the range 0 < x0 < T . At all other times the target eld χ = Dmψ is set
to zero
1
Dmψ(x)
∣∣∣
x0≤0
= 0 = Dmψ(x)
∣∣∣
x0≥T
. (4.37)
Note that we set r = 1 and that we introdue fators eiaθk/L in the spaial
lattie dierene operators (whih is equivalent with periodi boundary on-
ditions with a phase, see Setion 2.2). For θ = 0 this is the Dira operator
introdued in [61℄.
Thus the Dira operator an be onsidered as a linear mapping in the
spae of fermion elds that vanish at the boundaries. The propagator S(x, y)
is dened through(
1
2
{γµ(∂∗µ + ∂µ)− a∂∗µ∂µ}+m0
)
S(x, y) =
1
ad+1
δx,y , 0 < x, y < T ,
(4.38)
with boundary values
P+ S(x, y)
∣∣∣
x0=0
= P− S(x, y)
∣∣∣
x0=T
= 0 . (4.39)
Sine the operator γ5Dm is hermitian the propagator has the property
S(x, y)† = γ5 S(y, x) γ5 . (4.40)
In the free theory it is possible to derive an expliit expression for the
propagator in a time-momentum representation [71℄. An elegant form is
S(x, y) = (D†
W
+m0)G(x, y) , 0 < x0, y0 < T , (4.41)
where G(x, y) is dened through
G(x, y) =L−d
∑
p
{−2i ◦p+0A(p+)R(p+)}−1 eip(x−y)
×
{
(M(p+)− i ◦p+0 ) e−ω(p)|x0−y0| + (M(p+) + i ◦p+0 ) e−ω(p)(2T−|x0−y0|)
−(M(p+) + iγ0 ◦p+0 ) e−ω(p)(x0+y0) − (M(p+)− iγ0 ◦p+0 ) e−ω(p)(2T−x0−y0)
}
.
(4.42)
All undened funtions and notations in this expression are introdued in
Appendix A.2. In partiular the momenta pµ are given by eq. A.19 and
A.34.
1
The Dira operator maps the spae of fermion elds that are dened at all x0, but are
zero at x0 < a and x0 > T − a, into itself.
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4.3 Ginsparg-Wilson fermions
The Wilson lattie Dira operator violates hiral symmetry expliitly and
leads to omputational diulties suh as additive mass and multipliative
urrent renormalisation. Therefore it is desirable to have a lattie operator
with better hiral properties. In Setion 3.3 we learned that it is not pos-
sible to formulate a lattie theory of fermions with a ontinuum like hiral
symmetry. The way out in Setion 3.5 was to ease the restrition to an exat
ontinuum like hiral symmetry in favour of a lattie hiral symmetry and a
lattie Dira operator given as the solution to the Ginsparg-Wilson relation
γ5D +Dγ5 = aDγ5D . (4.43)
In the limit a→ 0 this relation beomes the known antiommutation relation
and the lattie hiral transformations beome the ontinuum ones.
In the presene of the boundaries the same approah immediately leads
to inonsistenies. As stated in the introdution in the ontinuum the SF
boundary onditions break hiral symmetry. This an be seen onsidering
the solution to the massless Dira equation
Dψ(x) = 0 , (4.44)
whih has to obey the boundary onditions (4.24.3). Note that the mass-
less Dira operator anti-ommutes with γ5. Therefore, given the propagator
DS(x, y) = δ(x− y) the sum γ5 S(x, y)+S(x, y) γ5 is a solution of the Dira
equation for all y. And sine the propagator obeys the boundary onditions
(4.24.3) this solution an also be obtain from the boundary values at x0 = 0
and x0 = T (atually the non-zero omponents there)
γ5 S(x, y) + S(x, y) γ5 =∫
x0=0
ddz S(x, z)γ5S(z, y) +
∫
x0=T
ddz S(x, z)γ5S(z, y) . (4.45)
Thus the ontinuum propagator anti-ommutes with γ5 up to boundary
terms. In QCD with more than one massless quark this leads to a non-
singlet hiral Ward identity with a unit mass term at the boundaries [32℄.
Now onsider a lattie Dira operator satisfying (4.43) in the presene of
the boundaries. Then the lattie propagator anti-ommutes with γ5
γ5 S(x, y) + S(x, y) γ5 =
1
ad
δx,yγ5 , (4.46)
for any nite separation x−y and any nite a. Thus this theory an not have
the right ontinuum limit, i.e. the one where the propagator obeys (4.45).
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4.3.1 Modied Neuberger-Dira operator
As explained in Setion 4.1.2 the SF boundary onditions form a universality
lass and need no speial adjustment of the lattie ation. This means in
partiular that there may be many possible lattie operators leading to the
right ontinuum limit. In Ref. [32℄ it is proposed to allow for an additional
term on the right hand side of Eq. (4.43)
γ5D +Dγ5 = aDγ5D +∆B , (4.47)
where ∆B is supported in the viinity of the boundaries and deays expo-
nentionally with the distane to them.
The operator introdued in the same referene
D
N
=
1
a¯
{
1− 1
2
(U + U∼)
}
, (4.48)
U = A
(
A†A + caP
)−1/2
, U∼ = γ5U
†γ5 , a¯ =
a
1 + s
, (4.49)
is a modiation of the Neuberger-Dira operator (3.60). Here A is essentially
the Wilson-Dira operator in the presene of the boundaries (4.364.37)
A = 1 + s− aD
W
. (4.50)
The parameters s and c an be used to optimise numerial omputations.
The modiation is due to the boundary operator
Pψ(x) =
1
a
{
δx0,aP−ψ(x)
∣∣
x0=a
+ δx0,T−aP+ψ(x)
∣∣
x0=T−a
}
. (4.51)
The onstrution is suh that D
N
inherits the transformation properties
of the Wilson-Dira operator under ubi rotations, parity, time-reetions
and harge onjugation. And having the ombination U + U∼ renders γ5DN
hermitian. Although we will be mainly onerned with massless fermions the
extension to massive fermions is simple [60℄ and given by
Dm = (1− 12 a¯m0)DN +m0 . (4.52)
In Setion 4.3.3 we will show that the operator (4.48) indeed obeys (4.47)
with a replaed by a¯.
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4.3.2 Free theory
For our perturbative omputation we need the Dira operator and the fermion
propagator in the free theory (no gauge eld, no four fermion interations).
To obtain an expliit expression for the free propagator like in the Wilson
ase might be possible but is muh more diult. Instead it is omputed
numerially using well established methods [72℄.
Nevertheless, the operator under the square root in (4.49) an be worked
out in the time-momentum representation and it is reassuring that for the
interesting range of the parameters s and c its eigenvalues are positive. This
an be seen as follows. In the free theory the operator under the square root
expliitly reads
A†A+ caP = (1+ s)2+ sa2
∑
µ
∂∗µ∂µ+
1
2
a4
∑
µ<ν
∂∗µ∂µ∂
∗
ν∂ν +(c−1)aP , (4.53)
and ats on the fermion elds in the presene of the boundaries (f. Setion
4.2.1). It is hermitian and therefore has real eigenvalues. Due to translation
invariane in spae the spatial eigenfuntions are plane waves
w(x) =
1
Ld
∑
p
eipx wp(x0) , (4.54)
with spatial momenta pk in the range (A.33). In the following we restrit
ourself to a denite momentum p. Then the Dira omponents of wp(x0) are
ordinary funtions of x0. Therefore we drop the subsript in the eigenvalue
equation (−q a2∂∗0∂0 +m+ (c− 1)aP ) w(x0) = λw(x0) , (4.55)
where q and m are short hand for
q = a
2
2
pˆ
2 − s , m = (1 + s)2 − sa2pˆ2 + a4
2
∑
k<l
pˆ2kpˆ
2
l . (4.56)
Beause of the projetors in P , eqs. (4.55) are two oupled equations for
the plus and minus omponents in w(x0) = P+ w+(x0) + P− w−(x0). In the
speial ase c = 1 they have to be idential and one easily nds the solutions
sin(p0x0) , p0 =
nπ
T
, n = 1, 2, . . . , T/a− 1 , (4.57)
and the orrespondent eigenvalues
λ = (1 + s)2 − sa2pˆ2 + a4
2
∑
µ<ν
pˆ2µpˆ
2
ν = q pˆ
2
0 +m. (4.58)
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For arbitrary c the solutions to (4.55) are
P− sin
(
p0x0 + b
)
+ P+ sin
(
p0(T − x0) + b
)
, (4.59)
b = − arctan
(
sin(ap0)
q
c−1
+ cos(ap0)
)
, (4.60)
and the allowed values of p0 are given by the solutions of the equation
tan(p0T ) =
sin(ap0)
q
c−1
+ cos(ap0)
. (4.61)
The solutions of this equation are all real for non-negative q/(c − 1). Sine
the eigenfuntions are odd funtions of p0 it is suient to stik to the T/a−
1 solutions in the interval [0, π/a). In any ase the eigenvalues (4.58) are
bounded from below by (1− |s|)2.
For q/(c − 1) < 0 one nds a pure imaginary solution p∗0 = ik, k > 0.
This solution enters the eigenvalue (4.58) through the produt q pˆ20 and might
lead to zero modes and negative eigenvalues. However, for c ≥ 1 imaginary
solutions exist only for q < 0 and thus the produt q (pˆ∗0)
2
is positive and the
eigenvalues (4.58) are as well bounded from below by (1− |s|)2.
Sine the operator under the square root is bounded from below we an
adopt the argument in [73℄, using expansion in Legendre polynomials, to
onlude that in the free theory the loality of the Dira operator D
N
is
guaranteed for all |s| < 1 and c ≥ 1. The eigenfuntions (4.59) an be
orthonormalised and used to write down an analytial expression for the
kernel D
N
(x, y) of the Dira operator. But the evaluation of D
N
(x, y) in this
way would be very expensive, sine it involves a sum over momenta p0 whih
in turn are determined for eah set of parameter values by the roots of (4.61).
Even more desirable would be an expliit expression for the propagator.
With the eigenfuntions of the operator under the square root at hand one
would hope to nd the eigenfuntions of the hermitian operator D
N
D†
N
and
write the propagator as
S(x, y) =
[
D†
N
1
D
N
D†
N
]
(x, y) . (4.62)
But the eigenvalue problem of D
N
D†
N
is muh more ompliated than the
one treated above and we do not attempt to solve it here. Instead the prop-
agator is omputed numerially using established methods. This inludes a
polynomial approximation of the inverse square root in the Dira operator
and solving the linear equation
D
N
ψ = η , (4.63)
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Figure 4.1: The deviation from the Ginsparg-Wilson relation a∆B in Eq. (4.64) is
loalised at the boundaries with tails that derease exponentially with the distane from
the boundaries. The plot is for a 16× 32 lattie, θ = 0.5 and x1 = y1 = L/2.
for ψ with the approximate Dira operator and appropriate soures η. The
preision an be ontrolled throughout all steps of the omputation [72℄. In
this way the whole propagator an be evaluated with a given auray. In
pratie we also Fourier transform to the spae omponent to obtain the
time-momentum representation (see Setion 5.5.2).
4.3.3 Chiral properties
As a hek, it was tested numerially whether the operator (4.48) is a solution
to
γ5D +Dγ5 = a¯ Dγ5D +∆B , (4.64)
with
||a∆B(x, y)|| ≈ e−κ·τ/a + e−κ·(T−τ)/a , κ > 0 , (4.65)
for large distanes τ and T −τ from the boundaries. For simpliity we dene
τ as the distane from the boundary at x0 = 0 along the time diretion as
τ =
y0 + x0
2
. (4.66)
In Fig. 4.1 a∆B(x, y) is plotted for a 16 × 32 lattie and θ = 0.5. The
deviations from the Ginsparg-Wilson relation deay exponentially and from
the eetive mass plot Fig. 4.2 the rate seems to approah κ =
√
2 for
τ → ∞. It should be possible to ompute ∆B(x, y) analytially to some
extent, but we did not attempt to.
4.4 The generating funtional 43
 
 
0 2 4 6 8 10 12 14 16
0
0.5
1
1.5
2
2.5
3
3.5
PSfrag replacements
x0 − y0 = 0
x0 − y0 = T/4
x0 − y0 = T/2
τ
κ
Figure 4.2: Eetive mass plot for a∆B(x, y). For large distanes from the boundary
a∆B(x, y) is ompatible with (4.65) with κ ≈
√
2 (dotted line). The plot is for the same
parameters as Fig. 4.1
4.4 The generating funtional
We want to ompute expetation values of polynomials O in the fermion and
anti-fermion bulk and boundary elds. A possible lattie representation of
the boundary elds (4.74.8) is
2
ζ(x) = P−ψ(x)
∣∣∣
x0=a
, ζ(x) = ψ(x)
∣∣∣
x0=a
P+ , (4.67)
ζ ′(x) = P+ψ(x)
∣∣∣
x0=T−a
, ζ
′
(x) = ψ(x)
∣∣∣
x0=T−a
P− . (4.68)
With this hoie it is enough to introdue soures for the fermion and anti-
fermion elds η(x) and η(x) in the interior of the lattie 0 < x0 < T . The
generating funtional is then
Z[η, η] =
∫
DψDψ exp
{
−S0[ψ, ψ] + ad+1
∑
x
[ψ(x)η(x) + η(x)ψ(x)]
}
.
(4.69)
As said before only the elds at 0 < x0 < T are integrated over in this
funtional integral. We an perform this integration and obtain
lnZ[η, η] = a2(d+1)
∑
x,y
η(x)S(x, y) η(y) + onst. . (4.70)
2
In QCD one has to inlude link variables into this denition of the boundary elds.
44 The Shrödinger funtional
Thus the generating funtional is an exponential of a quadrati expression in
the soures. Replaing the elds in O by funtional derivatives
ψ(x)→ δ
δη(x)
, ψ(x)→ − δ
δη(x)
, (4.71)
we may write the expetation value as
〈O〉 =
{
1
Z
OZ
}
η,η=0
. (4.72)
They are given as the sum of all Wik ontrations. Below we list the basi
ontrations.
[ψ(x)ψ(y)] = S(x, y) , (4.73)
[ψ(x)ζ(y)] = S(x; a, y1)P+ , (4.74)
[ψ(x)ζ
′
(y)] = S(x;T − a, y1)P− , (4.75)
[ζ(x)ψ(y)] = P−S(a, x1; y) , (4.76)
[ζ ′(x)ψ(y)] = P+S(T − a, x1; y) , (4.77)
[ζ(x)ζ
′
(y)] = P−S(a, x1;T − a, y1)P− , (4.78)
[ζ ′(x)ζ(y)] = P+S(T − a, x1; a, y1)P+ , (4.79)
[ζ(x)ζ(y)] = P−S(a, x1; a, y1)P+ , (4.80)
[ζ ′(x)ζ
′
(y)] = P+S(T − a, x1;T − a, y1)P− . (4.81)
4.5 Boundary ounter terms
The boundary onditions of the SF may give rise to new ounter terms dened
on the boundary, in the sense that the assoiated bare oeients are needed
to absorb innities on the way to the ontinuum limit. Relevant operators
or omposite elds living at the boundary are those whih have dimension d
or less. Thus objets like ψΓψ with Γ = {1, γ0, γ1, γ5} an appear.
The identity and γ0 an be written as P+ + P− and P+ − P− respe-
tively. Hene the orresponding terms are proportional to the boundary
elds (4.7,4.8) in the ontinuum or (4.67,4.68) on the lattie. The terms
with γ1 and γ5 violate parity and are therefore not present.
Thus it is enough in the ourse of renormalisation to introdue a renor-
malisation fator Zζ for all boundary elds
ζ(x)→ Zζ ζ(x) , ζ(x)→ Zζ ζ(x) , (4.82)
and equivalently for ζ ′, ζ
′
.
Chapter 5
Self-oupled fermions in two
dimensions
5.1 Four fermion operators
In two dimensions fermion elds have mass dimension 1/2 and a loal four
fermion operator
ψαiψβjψγkψδl , (5.1)
has a dimensionless oupling in the ation. From the point of view of dimen-
sional analysis suh a interation term is renormalisable. This means that if
suh a four fermion interation is added to a theory that is renormalisable, it
stays so. All new divergenes an be absorbed into a redenition of the four
fermion oupling.
In the literature one nds several two-dimensional fermion models with
dierent symmetry and interation ontent [19, 20, 23℄. This is beause
there are a lot of possible ways to ontrat the indies of four fermion elds.
But in two dimensions there are also several relations between the possible
ontrations. In the following we disuss this in some detail.
The most general operator is an arbitrary ontration of the Dira (Greek
letters α, β, . . . ) and avour (Latin letters i, j, . . . ) indies in eq. (5.1). Sine
we want a theory that is as similar to QCD as it an be in two dimensions, it
ertainly should be Lorentz invariant, even under parity and, in the massless
ase, have an U(N) avour symmetry. 1
Lorentz invariane strongly onstrains the possible ontrations of Dira
indies. Sine eq. (5.1) must be a Lorentz salar it must be a produt of two
salars, two pseudo-salars, two vetors or two axial-vetors. Consider the
1
This is meant in the ontinuum. At the end of the day we are interested in ontinuum
QCD.
46 Self-oupled fermions in two dimensions
ase of two salars
2
ψαiψαjψβkψβl . (5.2)
Invariane under U(N) transformations
ψαi → Uim ψαm , ψαj → ψαn U∗jn , (5.3)
where U †U = UU † = 1 , (5.4)
allows for the following two avour ontrations
ψαiψαiψβjψβj , ψαiψαjψβjψβi . (5.5)
The seond ontration an be expanded in a basis of N ×N matries (Ap-
pendix A.3.2)
ψiψjψjψi =
1
N
(ψψ)2 +
1
2
∑
a
(ψλa ψ)2 , (5.6)
where we suppressed all subsripts on the left hand side. The rst term is
proportional to the rst one in (5.5) and the sum is over the generators λa
of SU(N), whih at on the avour indies of ψ and ψ.
Therefore the most general four fermion operator onsistent with the
symmetries an be expanded in a basis of eight dierent ontrations. One
half of them are produts of avour singlet bilinear operators
OSS = (ψψ)
2 ,
OPP = (ψγ5ψ)
2 ,
OV V =
∑
µ(ψγµψ)
2 ,
OAA =
∑
µ(ψγµγ5ψ)
2 ,
(5.7)
and the other half are produts of avour vetor bilinear opeartors
O′SS =
∑
a(ψλ
aψ)2 ,
O′PP =
∑
a(ψγ5λ
aψ)2 ,
O′V V =
∑
µ,a(ψγµλ
aψ)2 ,
O′AA =
∑
µ,a(ψγµγ5λ
aψ)2 .
(5.8)
But in two dimensions these operators are not independent. Suppose
there is only a single fermion (N = 1). From the above list one would expet
four dierent terms (no avour vetor operators for a single fermion). But
there are only four independent eld omponents at eah spae-time point.
Thus there is only one loal four fermion operator.
2
Repeated indies are summed over if not indiated otherwise.
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For N > 1 the number of independent eld omponents is no restrition.
Nevertheless there are relations among the operators above that redue the
number of really independent ones to three. Beause of a peuliarity of the
γ-matries in two dimensions (γµγ5 = iǫµνγν) there is no dierene between
vetor and axial-vetor and thus
OAA = −OV V , O′AA = −O′V V . (5.9)
More dependenies are due to Fierz identities. Fierz identities onnet
produts of Dira bilinear forms by rearranging the order of the Dira spinors
(see Appendix A.3.1). For the two avour ontrations of (5.5), but with
general Dira struture, we nd
(ψiΓψj) (ψjΓψi) = −
1
4
∑
I
tr(ΓI ΓΓI Γ)(ψiΓIψi) (ψjΓIψj) , (5.10)
where Γ,ΓI ∈ {ΓS = 1 ,ΓP = γ5 ,ΓV = γ0 , γ1}. Using also (5.6) this yields
three identities relating the avour-singlet and the avour-vetor operators
O′SS = −(1 + 2/N)OSS − OPP −OV V (5.11)
O′PP = −OSS − (1 + 2/N)OPP +OV V (5.12)
O′V V = −2OSS + 2OPP − 2/N OV V . (5.13)
The number of independent operators has been redued from eight to
three. One possible hoie would be
OSS , OPP , OV V . (5.14)
But any other ombination of three operators from (5.7) and (5.8) is equally
good.
5.2 Chiral symmetry
The eight operators of (5.7) and (5.8), of whih only a set of three is indepen-
dent, are invariant under U(N) transformations (5.3) by onstrution. Sine
massless QCD at the lassial level has a global hiral U(N) symmetry we
investigate here the transformation properties of these operators under the
innitesimal transformations (3.24) and (3.26). In Setion 3.1 these were in-
trodued as loal transformations. But sine they will at on operators that
are loal and ontain no derivatives of elds the outome is also appliable
for the global ase.
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For the above mentioned symmetry transformations the hange δO of the
operator O linear in the innitesimal parameter ω is
O → O + δO +O(ω2) . (5.15)
If δO vanishes the operator is invariant under nite transformations that an
be build up from the innitesimal ones.
Axial U(1) transformation Consider rst the axial U(1) transformation.
Beause of the γ-matries in OV V and O
′
V V they are invariant like the kineti
term.
δOV V = 0 , δO
′
V V = 0 . (5.16)
But δOSS and δOPP do not vanish. Using the projetors PR,L =
1
2
(1 ± γ5)
we write
OSS = (ψ (PR + PL)ψ)
2 , OPP = (ψ (PR − PL)ψ)2 . (5.17)
Now it is easy to see that
δOSS = 2iωA(ψ (PR − PL)ψ) (ψ (PR + PL)ψ) ,
δOPP = 2iωA(ψ (PR + PL)ψ) (ψ (PR − PL)ψ) .
Therefore the dierene of the two operators is invariant
δ(OSS −OPP ) = 0 , (5.18)
and similar for the primed operators
δ(O′SS −O′PP ) = 0 . (5.19)
Axial SU(N) transformation The axial SU(N) transformation (3.26)
aets Dira and avour indies. However, OV V has a trivial avour struture
and it is easy to see that it is invariant
δOV V = 0 . (5.20)
Computing δO′V V the ommutator [λ
a, λb] = 2ifabc with the struture on-
stants fabc appear (f. Appendix A.3.2)
δO′V V = 2iω
a
A(ψ γ5λ
aγµλ
b ψ + ψ γµλ
bλaγ5 ψ) (ψ γµλ
b ψ)
= −2iωaA(ψ γµγ5[λa, λb]ψ) (ψ γµλb ψ)
= 4ωaAf
abc(ψ γµγ5λ
c ψ) (ψ γµλ
b ψ)
= 4iωaAf
abc
{
(ψ γ1λ
c ψ) (ψ γ0λ
b ψ)− (ψ γ0λc ψ) (ψ γ1λb ψ)
}
.
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In the last step we used the denition of γ5 and the Cliord algebra (f.
Appendix A.1.1). Sine the struture onstants are totally anti-symmetri,
the whole expression is symmetri in the indies b and c and hene does not
vanish for general ωaA
δO′V V 6= 0 . (5.21)
The result for OV V and O
′
V V an be used together with (5.115.13) to infer
δ(OSS −OPP ) 6= 0 , and δ(O′SS − O′PP ) 6= 0 . (5.22)
5.3 Lattie hiral Gross-Neveu model
The ontinuum hiral Gross-Neveu model in Eulidean spae-time is given
by the ation
Sc
CGN
=
∫
d2x
{
ψ γµ∂µ ψ − 12g2(OSS − OPP )− 12g2VOV V
}
. (5.23)
From the analysis of the last two setions we know that this is the most
general ation with hiral U(1) × U(1) and SU(N) avour symmetry. But
we also learned that this form is not the only possibility. Using the identity
(5.13) the ation (5.23) may equally be written as
Sc
CGN
=
∫
d2x
{
ψ γµ∂µ ψ +
1
4
g2O′V V − 12δ2VOV V
}
, (5.24)
with δ2V = g
2
V − g2/N . (5.25)
The oupling δ2V is believed to have an exatly vanishing beta-funtion. This
is onneted to the deoupling of the U(1) part of orrelation funtions that is
derived by formal manipulations of the ontinuum path integral [74, 75℄. The
vanishing of the beta-funtion has been proved up to two-loop perturbation
theory [22℄.
Passing now over to the lattie inevitably breaks part of the ontinuum
symmetries. Generally this leads to more possibilities for the mixing of oper-
ators under renormalisation and to additonal parameters in the ation. For
example, an operator that is multipliative renormalisable in the ontinuum
may lose this property on the lattie.
3
Being lattie artefats
4
one has to
assure that these eets disappear in the ontinuum limit. As we will see,
3
This also ours in other regularisation shemes. In the two-loop omputation of [22℄
using dimensional regularization so alled evanesent operators appear at an intermediate
state of the alulation.
4
This is not true if there is an anomaly that breaks the symmetry.
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this may happen automatially, but in some ases additional parameters in
the ation have to be tuned.
At rst the theory is set up on a hyperubi lattie with periodi boundary
onditions. The introdution of boundaries as in the Shrödinger funtional
involves additional problems that are addressed in a separate setion (Setion
5.5).
In the ation we have to inlude terms that are forbidden by the ontin-
uum symmetries, but are allowed by the less restriting lattie symmetries.
By dimensional analysis suh operators with mass dimension n will have a
fator an−D in front (where D = d + 1 is the dimension of spae-time and
should not be onfused with the Dira operator). Operators with n > D an
safely be negleted sine they automatially disappear for a → 0.5 But the
operators with mass dimension n ≤ D are needed and lead to an additional
renormalisation.
Obviously (Eulidean) Lorentz symmetry O(2) is broken on the lattie.
The symmetry group of the hyperubi lattie, the hyperubi group, is a
subgroup of O(2) and ontains rotations by π/2 and reetions. Lukily, the
operators allowed by the hyperubi group are the ones already present in
(5.23) or (5.24) and operators with mass dimension n > D. So, ignoring all
other symmetries for a moment, the eets of the broken Lorentz symmetry
in the ation automatially disappear in the ontinuum limit and we may use
S
CGN
= a2
∑
x
{
ψDψ − 1
2
g2(OSS − OPP )− 12g2VOV V
}
, (5.26)
with the lattie Dira operator D as the lattie ation. The fermion elds
ψ(x) and ψ(x) are dened at the sites of a hyperubi lattie with periodi
boundary onditions and lattie spaing a (.f. Setion 2.2). Note that there
may be mixing amongst operators that annot be negleted and that thus
has to be taken into aount when alulating expetation values of suh
operators.
Depending on the exat denition of D there are further broken or mod-
ied symmetries that might lead to a modiation of (5.26). The Wilson-
Dira operator expliitly breaks hiral symmetry and leads to an additive
mass renormalisation. For staggered fermions the broken avour symmetry
auses new mixings. The lattie hiral symmetry assoiated with Ginsparg-
Wilson fermions forbids additional operators of mass dimension n ≤ D in
the ation. In the next two setions we disuss Wilson and Ginsparg-Wilson
fermions.
5
The n = D+1 operators may be onsidered if one wants to ahieve O(a) improvement.
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5.3.1 Wilson fermions
As we have seen in Setion 3.4 the Wilson-Dira operator expliitly breaks
hiral symmetry and a ne tuning of the bare mass is needed to restore hiral
symmetry. The ation should therefore ontain all terms allowed by the
remaining U(N) avour symmetry. In Setion 5.1 a basis for U(N) invariant
four fermion operators was established. Due to dependenies among the
diverse operators it is enough to hoose as set of three operators out of (5.7)
and (5.8). In analogy to (5.26) one possibility is
S
CGN,W
= a2
∑
x
{
ψ (D
W
+m0)ψ
− 1
2
g2(OSS −OPP )− 12δ2POPP − 12g2VOV V
}
, (5.27)
where we added a hiral symmetry breaking mass term and the oupling of
OSS and OPP are no longer related.
There are many dierent hoies one ould make. For example, one an
invert eqs. (5.11)-(5.13) to obtain
S
CGN,W
= a2
∑
x
{
ψ (D
W
+m0)ψ
− 1
2
g′
2
(O′SS −O′PP )− 12δ′
2
PO
′
PP − 12g′
2
VO
′
V V
}
, (5.28)
where the primed ouplings are related to the unprimed ones
g′
2
=
N2
4(N2 − 1)
{
(2/N) g2 − δ2P − 2g2V
}
, (5.29)
δ′
2
P =
N2
4(N2 − 1)
{
2(1/N − 1) δ2P
}
, (5.30)
g′
2
V =
N2
4(N2 − 1)
{
− 2g2 + δ2P + 2/N g2V
}
. (5.31)
The traeless λ-matries in the four fermion operators in (5.28) an help to
redue the number of non-zero diagrams in perturbative alulations. (This
will be utilized in Setion 6) Yet another version is obtained by deomposing
the interation as in (5.24)
S
CGN,W
= a2
∑
x
{
ψ (D
W
+m0)ψ +
1
4
g2O′V V − 12δ2POPP − 12δ2VOV V
}
,
(5.32)
with δ2V = g
2
V − g2/N . (5.33)
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As pointed out in Setion 3.4 the bare mass m0 has to be tuned to a non-
zero value in order to restore hiral symmetry. In the same way δ2P has to be
tuned sine the value δ2P = 0 is not distinguished by a greater symmetry. A
whole setion (Setion 6) is devoted to the restoration of hiral symmetry.
5.3.2 Ginsparg-Wilson fermions
A Dira operator satisfying the Ginsparg-Wilson relation (3.57) impliates
the lattie hiral symmetry (3.58). This symmetry beomes the familiar
hiral symmetry in the ontinuum limit and forbids a mass term. However,
at nite lattie spaing the invariant four fermion operators are dierent from
the ontinuum ones.
The transformations (3.58) may be written as
ψ → ψ + ǫγˆ5ψ , ψ → ψ + ǫψγ5 , (5.34)
with γˆ5 = γ5(1− aD) and γˆ25 = 1 . (5.35)
This looks like the usual hiral transformations exept for the γˆ5. Using
(3.58) one proofs the identity
(1− a
2
D)γˆ5 = γ5(1− a2D) . (5.36)
Whih means that (1− a
2
D)ψ transforms under (5.34) like ψ under (3.58)
(1− a
2
D)ψ
(5.34)→ (1− a
2
D)ψ + ǫγ5(1− a2D)ψ . (5.37)
Therefore the hirally invariant operators of Setion 5.2 are invariant under
the lattie symmetry after replaing ψ → (1 − a
2
D)ψ. In partiular, if we
dene
OˆSS = (ψ(1− a2D)ψ)2 ,
OˆPP = (ψγ5(1− a2D)ψ)2 ,
OˆV V =
∑
µ(ψγµ(1− a2D)ψ)2 ,
(5.38)
then the operators invariant under 5.2 are
δOˆV V = 0 , δ(OˆSS − OˆPP ) = 0 . (5.39)
The treatment and result in the ase of the operators whih are produts of
avour vetor bilinear operators (5.8) is equivalent. Note that the operators
(5.38) are not ultra-loal any more. Nevertheless the identities (5.9) and
(5.11)-(5.13) hold also for these operators. But in the derivation in Setion
5.1 one has to replaes ψ → ψˆ = (1− a
2
D)ψ.
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Now we gathered all prerequisites to write down the lattie ation for
Ginsparg-Wilson fermions in the form
S
CGN,GW
= a2
∑
x
{
ψDψ − 1
2
g2(OˆSS − OˆPP )− 12g2V OˆV V
}
, (5.40)
or
S
CGN,GW
= a2
∑
x
{
ψDψ + 1
4
g2Oˆ′V V − 12δ2V OˆV V
}
, (5.41)
with δ2V = g
2
V − g2/N , (5.42)
where in both ases
γ5D +Dγ5 = aDγ5D . (5.43)
5.4 The disrete Gross-Neveu model
Note that for g2V = 0 and δ
2
P = g
2
(5.27) beomes the ation of the disrete
Gross-Neveu model
S
DGN
= a2
∑
x
{
ψ (D +m0)ψ − 12g2OSS
}
. (5.44)
The model is invariant under nite hiral transformations ψ → ψγ5, ψ →
−γ5ψ and under a hidden O(2N) symmetry. This invariane beomes evident
in the Majorana representation [76℄. Sine its beta-funtion is well known
in perturbation theory [77℄, we will use this model as a ross-hek of our
alulation.
5.5 Shrödinger funtional of the CGN model
The Shrödinger funtional of free Wilson and Ginsparg-Wilson fermions in
two dimensions reads (f. Setion 4)
Z0 =
∫
DψDψ exp
{
−a2
∑
x
ψ(x)Dψ(x)
}
, (5.45)
where the Dira operator D in presene of the boundaries is given by the left
hand side of (4.35) and (4.48) respetively. The subsript of Z0 is to indiate
that it refers to the free theory. Remember that only the fermion elds at
times x0 = a, 2a, . . . , T − a are integrated over in the funtional integral and
that they obey Dirihlet boundary onditions (4.24.3). It is onvenient to
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assume, as we do in (5.45), that the fermion elds are dened at all other
values of x0 as well, but that they are zero there.
Sine the four fermion operators have mass dimension two, they are ir-
relevant in the disussion of the naturalness of the Shrödinger funtional
boundary onditions (Setion 4.1.2) and the needed boundary ounter terms
(Setion 4.5). Thus with the fermion elds dened as above the Shrödinger
funtional of the hiral Gross-Neveu model is
Z =
∫
DψDψ exp
{
−a2
∑
x
[
ψ(x)Dψ(x) + 1
2
∑
I
cI OI
]}
, (5.46)
where the sum is over the four fermion operators multiplied by the orre-
sponding oupling onstant. This notation overs all the possible hoies of
operators presented in the Setion 5.3.
5.5.1 Generating funtional
In Setion 4.4 we outlined how to ompute expetation values of polynomials
O in the fermion and anti-fermion bulk and boundary elds. A denition
of the lattie boundary elds is given by (4.67) and (4.68). The generating
funtional for the interating theory is then
Z[η, η] =
∫
DψDψ exp
{
−a2
∑
x
[
ψDψ − 1
2
∑
I
cI OI − (ψη + ηψ)
]}
.
(5.47)
Replaing in O the eld operators by funtional derivatives as dened in
(4.71), the expetation value an be written in a ompat form〈O〉 = { 1
Z
OZ[η, η]
}
η,η=0
. (5.48)
For our perturbative expansion it is onvenient to rewrite (5.48). If we also
replae the elds in the four fermion operators OI by funtional derivatives
the generating funtional beomes
Z[η, η] = e
a2
2
P
x cI OI Z0[η, η] . (5.49)
where Z0[η, η] is the generating funtional of the free theory (f. Setion 4.4).
After integration over the fermion elds it is given by
Z0[η, η] = exp
{
a4
∑
x,y
η(x)S(x, y) η(y)
}
, (5.50)
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where S(x, y) is the propagator assoiated with the Dira operator in (5.47)
DS(x, y) =
1
a2
δx,y , 0 < x, y < T , (5.51)
with boundary values
P+ S(x, y)
∣∣∣
x0=0
= P− S(x, y)
∣∣∣
x0=T
= 0 . (5.52)
Finally we use (5.49) in (5.48) to write〈O〉 = { 1
Z
O ea
2
2
P
x cI OI Z0[η, η]
}
η,η=0
, (5.53)
Expanded in powers of the ouplings the generating funtional (5.49) is
the sum of all vauum diagrams, that is, diagrams with no external lines.
Clearly the fator 1/Z in (5.53) anels all diagrams in the expansion of the
expetation value, that ontain vauum diagrams as subdiagrams. Therefore
we write the expansion of the expetation value as〈O〉 = 〈O〉
0
+ a
2
2
∑
x
cI
〈OOI(x)〉0 + a48 ∑
x,y
cI cJ
〈OOI(x)OJ(y)〉0 + . . . ,
(5.54)
where
〈OX〉
0
, withX a produt of four fermion operators or unity, is dened
as 〈OX〉
0
=
{
1
Z0
OX Z0[η, η]
}
η,η=0
− ontrations with
vauum subdiagrams
. (5.55)
The terms in the expansion (5.54) are given by the sum of all Wik on-
trations of the elds in the operator O and the inreasing number of four
fermion operator insertions, that do not ontain vauum diagrams as subdi-
agrams. The basi ontrations are given by (4.73)-(4.81). The ontrations
are most onveniently represented by Feynman diagrams. The rules for the
orresponding expressions are given in the next setion.
5.5.2 Feynman rules
Beause translation invariane is broken in the time diretion the Feynman
rules in the Shrödinger funtional are given in a half Fourier transformed
spae. That is, the half transformed Propagator S˜(x0, y0, p1) is dened
through
S(x, y) =
1
L
∑
p1
eip1(x1−y1) S˜(x0, y0, p1) . (5.56)
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The rules are listed in Fig. 5.1. In the ase of Wilson fermions the prop-
agators from the boundary to the interior H(x0, p1), H
′(x0, p1) and from
boundary to boundary K(p1), K
′(p1) an be evaluated to some extent (see
Appendix B.1.1).
Statistial fators Beause the four fermion interations onsist of a prod-
ut of two idential bilinear operators, eah insertion of a four fermion inter-
ation an be onneted to the rest of a diagram in two ways that lead to the
same nal ontribution. In other words there are two dierent ontrations
giving the same diagram. This fator is always anelled by the 1/2 that
omes with eah insertion (see (5.55)).
The fator 1/n! from the Taylor expansion needs some more words. At
the nth order of this expansion it multiplies terms with n four fermion inter-
ations. Their general struure is(
F∑
I=1
cI OI
)n
=
∑
m1+m2+···+mF=n
n!
m1!m2! . . .mF !
Om11 O
m2
2 . . . O
mF
F , (5.57)
where F is the number of dierent four fermion operators in the ation
(F = 3 for Wilson, F = 2 for Ginsparg-Wilson fermions). The number
of equal ontrations for a term of this sum due to interhange of verties
is m1!m2! . . .mF !. Thus, taking also into aount the overall fator 1/n!
from the Taylor expansion of the exponential funtion (see (5.55)) we have
(m1!m2! . . .mF !)/n! whih is exatly anelled by the fator in Eq. (5.57).
Therefore none of these fators appears in the Feynman rules.
Sign The sign of a diagram is determined by the number of traes. Eah
trae omes with a minus sign. This gives the overall sign
(−1)#traes .
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same vertex but separate Dirac and flavour traces
Figure 5.1: Feynman rules for Shrödinger funtional of the hiral Gross-Neveu model.
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Chapter 6
Chiral symmetry restoration
In this Setion we use the hiral Ward identity to restore hiral symmetry
in the Wilson disretisation at nite lattie spaing (up to O(a)). We show
here that this an be ahieved by a perturbative omputation of the ritial
mass mc and a symmetri δP,s. The value of the third oupling g
2
V has not
to be tuned.
On the lattie, using the Wilson disretisation, hiral symmetry is broken
and nothing in general prevents m0 to take a nite value or δ
2
P 6= 0. However,
as we pointed out in Setion 3.4, the renormalised axial urrent (Aµ)R of
properly dened elds is expet to obey
〈(O)R ∂˜µ (Aµ)R (x)〉 = O(a) . (6.1)
This ondition an be used to x the bare parameters in perturbation theory
[51, 71℄ (as well as in numerial simulations [34℄). In the following setion we
disuss the strategy and the result in detail.
6.1 Correlation funtions
We dene orrelation funtions in the Shödinger funtional (SF) set up in
order to utilise (6.1). The orrelation funtions
fX(x0) = − a
2
2N
∑
y1,z1
〈
ψ(x) ΓX ψ(x) ζ(y1) γ5 ζ(z1)
〉
, (6.2)
ΓA = γ0γ5 , ΓP = γ5 , (6.3)
to be onsidered are orrelators of a zero momentum pseudo salar boundary
state built from the boundary elds ζ , ζ (eq. (4.67)) and insertions of the
time omponent of the axial urrent (fA) and the pseudo salar density (fP )
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Figure 6.1: Tree level diagrams for fX .
respetively. The vauum expetation value
〈·〉 has been dened in Setion
5.5.1.
As disussed in Setion 5.3.1 there is some ambiguity in the operators of
the four fermion interation. Here we use the following form of the ation
S
CGN,W
= a2
∑
x
{
ψ (D
W
+m0)ψ
− 1
2
g′
2
(O′SS − O′PP )− 12δ′
2
PO
′
PP − 12g′
2
VO
′
V V
}
, (6.4)
for the atual omputation. Using (6.4) in the perturbative expansion the
omputation gets simplied, beause a number of ontrations vanish due to
vanishing avour traes. Results obtained for the primed ouplings are then
translated bak into the more ommon unprimed ouplings of (5.27) using
(5.29)-(5.31).
For small ouplings the expetation value in (6.2) an be expanded as
indiated in (5.54). Then the right hand side of (6.2) is a sum of an inreas-
ing number of insertions of the interations but the expetation value taken
with the free ation S0 only and all ontrations with vauum subdiagrams
subtrated (f. (5.55))
fX(x0) = f
(0)
X (x0) +
∑
I
cI f
(1)
X,I(x0) +
∑
I,J
cIcJ f
(2)
X,IJ(x0) + O(c
3) , (6.5)
where
cI = {g′2 , δ′2P , g′2V } and OI = {O′SS − O′PP , O′PP , O′V V } . (6.6)
The tree level amplitude
f
(0)
X (x0) = −
a2
2N
∑
y1,z1
〈
ψ(x) ΓX ψ(x) ζ(y1) γ5 ζ(z1)
〉
0
, (6.7)
is the sum of the two diagrams skethed in Fig. 6.1. In these diagrams the
dotted lines represent the time slies x0 = 0 and x0 = T . Plain lines are used
for the fermion propagator and the small open irle in the middle symbolises
the insertion of a urrent or density operator. Using the expliit form of the
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Figure 6.2: First order diagrams for fX .
porpagator (4.42) the tree level amplitudes an be alulated analytially to
some extent. The somewhat lengthy expressions are listed in Appendix B.3.
The rst order amplitudes
f
(1)
X,I(x0) = −
a4
4N
∑
y1,z1,u
〈
ψ(x) ΓX ψ(x) ζ(y1) γ5 ζ(z1) O
′
I(u)
〉
0
, (6.8)
are sums of ve diagrams. Due to the γ5-hermitiity of the Wilson-Dira
operator, and thus the fermion propagator, the diagrams 1 and 2 in Fig.
6.2 are equal. In these diagrams the small lled irles (dots) represent the
insertion of a four fermion interation. Sine the free propagator is diagonal
in avour spae the avour traes fatorise from the rest of the omputation.
Dierenes in the resulting fators originate from dierent orders of the λ-
matries in the four fermion interation and the number of separate traes.
Only those ombinations of the λ-matries that an be redued to the identity
give a non-zero ontribution. In the ase of the rst order diagrams there is
only one possible order
λaλa =
2(N2 − 1)
N
1l . (6.9)
The number of separate traes is one (diagrams 1,2,5) and two (diagrams 3,4).
Together with the fator 1/N in the denition of the orrelation funtion the
rst order amplitudes an be organised in powers of Np with p = 0, 1 and an
overall fator (6.9).
The seond order amplitudes
f
(2)
X,IJ(x0) = −
a6
8N
∑
y1,z1,u,v
〈
ψ(x) ΓX ψ(x) ζ(y1) γ5 ζ(z1) O
′
I(u) O
′
J(v)
〉
0
,
(6.10)
are sums of the 22 diagrams depited in Fig. 6.3. The diagrams 1, 5-7, 11
and 12 have to be ounted twie sine when reeted at an horizontal line
they give diagrams with the same numerial value but a dierent ontration
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(just like the rst order diagrams 1 and 2 are equal). There are now four
λ-matries to ombine produing fators
λaλaλbλb =
4(N2 − 1)2
N2
1l , (6.11)
λaλbλaλb = −4(N
2 − 1)
N2
1l , (6.12)
λaλb ⊗ λaλb = 4(N
2 − 1)
N2
1l ⊗ 1l . (6.13)
The number of separate traes reahes from one to three. Together with
the fator 1/N in the denition of the orrelation funtion the seond order
amplitudes an be organised in powers of Np with p = 0, 1, 2, 3 and an overall
fator 4(N2 − 1)/N2.
6.2 Strategy and result
We work with the Shrödinger funtional of the Gross-Neveu model at xed
ratio T/L = 2. The phase θ ≡ θ1 haraterising the spatial boundary ondi-
tions (f. Setion 2.2) is a free parameter of this regularisation. The Ward
identities are independent of θ. Hene it provides a probe for the ritial
mass in the sense that (6.1) must hold for all θ.
We dene the renormalised orrelation funtion (fA(x0))R and its time
derivative hA(θ, x0/L) as dimensionless quantities
(fA(x0))R = ZA Z
2
ζ fA(x0) and hA(θ, x0/L) = L∂˜0 (fA(x0))R , (6.14)
where we introdued normalisation fators for the axial urrent and the
boundary elds
ZA = 1 + cI Z
(1)
A,I + O(c
2) , Zζ = 1 + cI Z
(1)
ζ,I +O(c
2) . (6.15)
In general, beause ∂µAµ(x) an mix with
1
a
P (x) we expet for hA an ex-
pansion in powers of a/L starting with a linear divergene
hA(θ, x0/L) = A−1(θ, x0/L)L/a+ A0(θ, x0/L) + O(a/L) . (6.16)
Eq. (6.1) enfores the oeients of the divergene and the nite part to
vanish
1
A−1(θ, x0/L) = A0(θ, x0/L) = 0 , for all θ , x0/L , (6.17)
1
Be areful to not onfuse the oeient A0(θ, x0/L) with the time omponent of the
axial vetor urrent A0(x).
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at am0 = amc and δ
′2
P = δ
′2
P,s . (6.18)
Thus we have a two-dimensional parameter spae spanned by θ and x0/L for
whih these oeients must vanish.
For free fermions (6.1) is satised for am0 = amc = 0. In the interating
theory mc an be expanded
amc = am
(1)
c,I cI + am
(2)
c,IJ cIcJ +O(c
3) . (6.19)
As we will see also δ′2P is onstrained by (6.1) and is given in terms of the
other two ouplings.
The dimensionless hA just as well posses an expansion in powers of the
ouplings
hA(θ, x0/L) = h
(0)
A +
∑
I
cI h
(1)
A,I +
∑
I,J
cIcJ h
(2)
A,IJ +O(c
3) . (6.20)
Now the oeients of this expansion, sums of lattie diagrams, may be ex-
panded in powers of a/L. As already indiated h
(0)
A = h0 is at least O(a
3/L3)
and therefore am
(0)
c = 0. In the next two setions we ompute the divergent
and nite part of h
(1)
A,I and h
(2)
A,IJ . Although there will be some analyti ar-
guments to simplify the expressions, the nal evaluation of the ontributing
diagrams is performed numerially as desribed in Setion 2.3.
6.2.1 First order
Using expansions (6.5) and (6.19) in (6.20) yields for the rst order term∑
I
cI h
(1)
A,I =
∑
I
cI
{
h1,I + am
(1)
c,I h2 +
(
Z
(1)
A,I + 2Z
(1)
ζ,I
)
h0
}
, (6.21)
with
h0 = L∂˜0f
(0)
A (x0) , h1,I = L∂˜0f
(1)
A,I(x0) , h2 =
∂
∂am0
h0 , (6.22)
all dened at am0 = 0. The tree level amplitude h0 vanishes identially for
θ = 0 and is O(a3/L3) for θ 6= 0. Its derivative h2 with respet to am0 though
diverges linearly with L/a. This implies at rst order∑
I
cI
{
h1,I + am
(1)
c,I h2
}
= O(a/L) . (6.23)
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Linear divergene The rst order amplitudes h1,I =
∑5
d=1 h
d
1,I are the
sums of the diagrams depited in Fig. 6.2. Only diagrams one to four
ontribute to the linear divergene due to the ontat term indued by the
bubble ontration (f. Appendix B.1.3). The ontribution of diagram ve
h51,I is O(1) and thus is important for enforing A0(θ, x0/L) = 0.
For the linearly divergent diagrams one to four we nd (with the help of
(B.24))
4∑
d=1
hd1,I = −
a3
2N
2(N2 − 1)
N
L∂˜0
∑
y1,z1,u
×〈
A0(x) ζ(y1) γ5 ζ(z1) ψ(u)
(
B(u0) + FI(u) a
2/L2 θ1 + . . .
)
ψ(u)
〉
0
. (6.24)
The fator 2(N2−1)/N originates from the sum over the λ-matries (f. Eq.
(6.9) and omment before). For xing the ritial mass we need only the
leading term in (6.24). Using (B.21) and (B.25) we nd
4∑
d=1
hd1,I = −
2(N2 − 1)
N
B1 h2 +O(1) . (6.25)
Thus the ontribution of these diagrams is proportional to h2 whih also
multiplies am
(1)
c,I in (6.21). Abbreviating am
(1)
c =
∑
I am
(1)
c,I cI the linearly
divergent part at this order is given by
A−1(θ, x0/L) =
(
am(1)c −
(
δ′
2
P + 2g
′2
V
) 2(N2 − 1)
N
B1
)
C−1(N, θ, x0/L) .
(6.26)
Where C−1(N, θ, x0/L) is the oeients of the linear divergenes in h2
h2 = C−1(N, θ, x0/L)
L
a
+O(1) , (6.27)
and C−1(N, θ, x0/L) = C−1,0(θ, x0/L) +N C−1,1(θ, x0/L) . (6.28)
The linear divergenes in h2 arise from the mass derivative of the two tree
level diagrams in Fig. 6.1. Diagram two reeives an additional fator of N
beause its evaluation involves two separate avour traes (it has two losed
fermion loops). These amplitudes an be determined numerially. The right
hand side of (6.26) vanishes for all θ , x0/L only if the ritial mass is
am(1)c =
2(N2 − 1)
N
B1
(
δ′
2
P + 2g
′2
V
)
. (6.29)
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Finite part Summing up all O(1) ontributions of the ve diagrams and
organising it in powers of N we nd that the terms proportional to g′2 and
g′2V anel. Expliitly we have
A0(θ, x0/L) = δ
′2
P
2(N2 − 1)
N
C0(N, θ, x0/L) , (6.30)
with
C0(N, θ, x0/L) = C0,0(θ, x0/L) +N C0,1(θ, x0/L) . (6.31)
The right hand side of (6.30) has to vanish for all θ , x0/L. Therefore hiral
symmetry is restored for
δ′
2
P,s = 0 , (6.32)
at rst order of perturbation theory.
Summary Translating Eqs. (6.29) and (6.32) bak to the unprimed ou-
plings using (5.29)-(5.31) yields
am(1)c = −0.3849001×
(
2Ng2 − δ2P − 2g2V
)
, (6.33)
δ2P,s = O(g
4) . (6.34)
At this order we nd no onstraint on the vetor oupling g2V . Or phrased
in another way, the vetor oupling has not to be tuned in order to restore
hiral symmetry.
6.2.2 Seond order
The relevant terms for the seond order term in (6.20) are∑
I,J
cIcJ h
(2)
A,IJ =∑
I,J
cIcJ
{
am
(2)
c,IJ h2 + h1,IJ + am
(1)
c,Ih3,J + am
(1)
c,Iam
(1)
c,J h4 +O(a/L)
}
,
(6.35)
with
h1,IJ = L∂˜0f
(2)
A,IJ(x0) , h3,I =
∂
∂am0
h1,I , h4 =
1
2
∂2
∂am20
h0 . (6.36)
It is understood that the rst order ritial mass is set to the value found
above and the onstraint δ2P,s = O(g
4) is employed. Also terms like (Z
(2)
A,IJ +
2Z
(2)
ζ,IJ) h0 and (Z
(1)
A,I +2Z
(1)
ζ,I ) h
(1)
A,J that are at least O(a/L) and suppressed in
(6.35).
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Divergenes Reall the redution of bubble diagrams like the diagrams
1-10 in Fig. 6.3 to insertions of the salar density and the relation between
the mass derivative of a expetation value and the insertion of the salar
density outlined in Appendix B.1.3. After a little thought it is lear that the
derivatives h3,J and h4 anel all the power divergenes in the seond order
amplitudes h1,IJ that are due to bubbles, i.e. the ontribution of diagrams
1-10. That this is indeed the ase was heked numerially. The only other
linearly divergent diagrams are number 11, 12 and 21, 22 in the same Figure.
In order to keep the equations lear we dene
am(2)c =
∑
IJ
am
(2)
c,IJ cIcJ , (6.37)
and the linear divergent part of the summed up diagrams 11, 12, 21 and 22∑
d=11,12,21,22
hd1,IJ = C
IJ
−1(N, θ, x0/L)
L
a
+O(1) , (6.38)
with CIJ−1(N, θ, x0/L) =
2∑
n=0
Nn CIJ−1,n(θ, x0/L) . (6.39)
The oeient of the linear divergene at seond order is then
A−1(θ, x0/L) = am
(2)
c C−1 +
4(N2 − 1)
N2
∑
I,J
cIcJ C
IJ
−1 , (6.40)
where C−1 = C−1(N, θ, x0/L) is dened in (6.27).
Setting the right hand side of (6.40) zero leads to
am(2)c = −
4(N2 − 1)
N2
∑
I,J
cIcJ
CIJ−1(N, θ, x0/L)
C−1(N, θ, x0/L)
. (6.41)
When one evaluates the ratios in the last expression numerially, one nds
that the θ and x0/L-dependene of the numerator is anelled by the denom-
inator. In other words CIJ−1(N, θ, x0/L) fatorises
CIJ−1(N, θ, x0/L) = (D
IJ
−1,0 +D
IJ
−1,1N) · C−1(N, θ, x0/L) . (6.42)
where DIJ−1,n are omputable onstants. Organising the terms in powers of N
we nd at this order
am(2)c = −
4(N2 − 1)
N2
{
(D1 +N D2) (g
′4 + g′
4
V ) + 2(D2 +N D1) g
′2 g′
2
V
}
(6.43)
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with
D1 = 0.01195(1) , D2 = 0.22870(1) . (6.44)
As mentioned the rst order result δ′P,s = O(g
′4) must be used here in order
to anel all divergenes.
Finite part The rst order result allows for a seond order ontribution.
Thus we have to inlude the rst order nite part (6.30) at seond order
A0(θ, x0/L) = δ
′
P,s
2(N2 − 1)
N
C0 +
4(N2 − 1)
N2
∑
I,J
cIcJ C
IJ
0 . (6.45)
The oeients
CIJ0 (N, θ, x0/L) =
3∑
n=0
Nn CIJ0,n(θ, x0/L) , (6.46)
reeive ontribution from all the 21 diagrams of Fig. 6.3, whih all have a
fator of 4(N2 − 1)/N2 in ommon. C0 = C0(N, θ, x0/L) was introdued in
(6.30) and is the nite part of the rst order diagrams up to a ommon fator
of 2(N2 − 1)/N . Setting (6.45) zero yields
δ′P,s =
2
N
∑
I,J
cIcJ
CIJ0 (N, θ, x0/L)
C0(N, θ, x0/L)
. (6.47)
Again we nd that the θ and x0/L-dependene of the numerator is anelled
by the one of the denominator, whih means that hiral symmetry is really
restored. Note that in the sum on the left hand side many terms vanish
beause of δ′P,s = O(g
4). Organised in powers of N the result is
δ′P,s =
2D3
N
[
N g′
4
+
(
1 +N −N2) g′4V + 2 g′2 g′2V ]+O(g′6) , (6.48)
with
D3 = 0.6192(1) . (6.49)
Summary Translating Eqs. (6.43) and (6.48) bak to the more ommon
ouplings g2, δ2P , g
2
V using (5.29)-(5.31) yields
am(2)c = (D1 −N D2) (g4 + g4V ) + 2(D2 −N D1) g2 g2V +O(g6) , (6.50)
δP,s = D3
[
N g4 − 2 g2 g2V − g4V
]
+O(g6) . (6.51)
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6.3 Conlusion
We demanded the hiral Ward identity (6.1) to hold up to O(a) on the lattie
for the renormalised operators. The omputation is arried out in seond
order perturbation theory in the Shrödinger funtional of the Gross-Neveu
model with Wilson fermions. The result is that the bare mass has to diverge
in order to anel a linear divergene and that the hiral symmetry breaking
oupling δ2P , although zero at rst order, has to take a nite value at seond
order.
Expliitly the result is
amc = am
(1)
c + am
(2)
c +O(g
6) . (6.52)
with
am(1)c = −B1 ×
(
2Ng2 − δ2P − 2g2V
)
, (6.53)
am(2)c = (D1 −N D2) (g4 + g4V ) + 2(D2 −N D1) g2 g2V +O(g6) , (6.54)
and
δ2P,s = D3
(
N g4 − 2 g2 g2V − g4V
)
+O(g6) . (6.55)
We nd no onstraint on the vetor oupling g2V . Or phrased in another way,
the vetor oupling has not to be tuned in order to restore hiral symmetry.
In order to ompare with the large N result of [30℄ we set and resale
g2 = g2S/N , δ
2
P = (g
2
P + g
2
S)/N and g
2
V → g2V /N , (6.56)
and take the N →∞ limit in (6.52) and (6.55)
amN→∞c = −0.7698002× g2S +O(g6) , (6.57)[
g2P/g
2
S
]N→∞
s
= 1− 0.6192(1)× g2S +O(g4) . (6.58)
For amc this is the omplete large N result. The authors neglet the vetor
four fermion interation from the beginning, but their result is not hanged
if it is taken into aount. In the large N limit hiral symmetry is restored
for 1/g2P = 1/g
2
S + 0.619 whih is reprodued by our result at seond order.
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Chapter 7
Renormalised oupling
If the time extension T of the Shrödinger funtional of the massless hiral
Gross-Neveu model is xed to a multiple of the spatial extension L, say
T = 2L, then all dimensionfull quantities will depend on L. Keeping the
volume nite usually leads to systemati errors. But here the nite volume
is utilised to probe the theory. That is renormalised quantities are dened
at the sale µ = 1/L. Therefore by denition there are no nite size eets
in the Shrödinger funtional.
In view of a Monte-Carlo simulation of the model we aim here at the
denition of renormalised ouplings at zero renormalised mass in terms of
renormalised orrelation funtions of the boundary elds (4.67), (4.68). For
eah oupling g2I in the ation a ombination FI of suh orrelation funtions
denes the orresponding renormalised oupling g˜2I suh that it is equal to
the bare oupling at leading order of perturbation theory up to orretions
of order a
g˜2I = FI suh that g˜
2
I = g
2
I +O(ag
2) + O(g4) . (7.1)
In the ontinuum limit of asymptotially free theories this ensures g˜2I
a→0
=
g2I + O(g
4).1 In turn, as we have seen in Setion 2.1.3, suh a denition of
the renormalised oupling ensures the universality of the rst two oeients
of the orresponding beta-funtion in the single oupling ase. For multiple
ouplings the situation is more ompliated (see Setion 2.1.4). Nevertheless
ondition (7.1) is a possible hoie also in that ase.
In the next Setion the used orrelation funtions are disussed. In Se-
tion 7.2 they are formally expanded in powers of the ouplings exploiting the
anellation of some diagrams. The results for Wilson and Ginsparg-Wilson
1
Throughout the thesis O((g2)n) means all terms O((g2I1)
n1 . . . (g2Im)
nm),
∑m
i=1 ni = n.
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fermions are presented in Setions 7.3 and 7.4 respetively. In the last Setion
(7.5) we use the results to ompute the ratio of the Λ-parameters.
7.1 Correlation funtions
The two- and four-point orrelators of the boundary elds are dened as
f2 = − a
2
NL
∑
u1z1
〈
ζ(u1) ζ
′(z1)
〉
, (7.2)
and
f4 = − a
4
2(N2 − 1)L2
∑
u1v1y1z1
〈
ζ
′
(u1) γ5λ
aζ ′(v1) ζ(y1) γ5 λ
aζ(z1)
〉
. (7.3)
We sum over the spatial diretion to projet on to zero momentum. The
powers of the lattie spaing a are hosen to render the orrelation fun-
tions dimensionless. The remaining fators are to normalise the tree level
amplitudes.
The matries ΓB and Γ
′
B ontrat the Dira indies of the boundary elds.
In two dimensions suh a matrix an be expanded in the identity, γµ and
γ5. But only terms with ΓB and Γ
′
B equal to γ1 and/or γ5 have a non-
vanishing ontribution beause of the projetors P± at the boundary of the
Shrödinger funtional (apparent for example in the basi Wik ontrations
at the end of Setion 4.4 or the Feynman rules in Fig. 5.1). For the same
reason the ontribution of the possible ombinations of the two are all equal
up to a fator of i and the overall sign (P±γ5P∓ = ±iP±γ1P∓). Therefore
in the omputation of f4 we use for the Dira struture on the boundaries
Γ′B = ΓB = γ5.
For the avour struture we hoose avour vetor bilinears. In ombina-
tion with four fermion interations of the avour salar type (5.7) this hoie
simplies the perturbative omputation. This is beause diagrams whih do
not onnet the two boundaries involve the avour trae trf {λa} and hene
vanish.
The renormalised two- and four-point orrelation funtions are
(f2)R = Z
2
ζ f2 and (f4)R = Z
4
ζ f4 (7.4)
The normalisation fator for the boundary elds was already introdued in
(6.15) in Setion 6.2.
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In the ratio of appropriate powers of the renormalised quantities the un-
known wave funtion normalisation is anelled. Then it is enough to evalu-
ate the unrenormalised orrelators at zero renormalised mass
R(θ) =
(f4)R
(f2)
2
R
− 1 = f4
(f2)
2 − 1 at mR = 0 . (7.5)
For later onveniene we subtrat the free theory value at zero mass. As
indiated the ratio R = R(θ) depends on the phase θ ≡ θ1 parametrising the
spatial boundary onditions. This dependene will allow us to nd ombina-
tions R(θ) + b · R(θ′) to dene the renormalised ouplings as in (7.1).
7.2 Perturbative expansion
In order to expand Rg in powers of the ouplings g
2
I we need the expansion
of f4 and f2. We abbreviate cI = g
2
I and indiate that opposite to (6.6) here
cI refers to g
2
, δ2P and g
2
V .
f4 = f
(0)
4 + cI f
(1)
4,I + cIcJ f
(2)
4,IJ +O(c
3) , (7.6)
and (f2)
2
(f2)
2 =
(
f
(0)
2
)2
+ cI 2f
(0)
2 f
(1)
2,I + cIcJ
{
2f
(0)
2 f
(2)
2,IJ + f
(1)
2,I f
(1)
2,J
}
+O(c3) . (7.7)
Multiplying (7.6) with the inverse of (7.7) yields
f4
(f2)
2 = 1 +
cI(
f
(0)
2
)2
{
f
(1)
4,I − 2f (1)2,I f (0)2
}
+
cIcJ(
f
(0)
2
)2
{
f
(2)
4,IJ − 2f (2)2,IJf (0)2 + 3f (1)2,I f (1)2,J − 2
f
(1)
2,I f
(1)
4,J
f
(0)
2
}
+O(c3) . (7.8)
The rst and seond order diagrams of f2 and f4 are listed in Figs. 7.1 and
7.2. Half of the diagrams of f4 at rst and seond order an be shown to
be idential to produts of f2 diagrams. To see this, onsider a diagram f
(n)
4,i
at order n in the expansion of f4, where the subsript i labels the diagram.
Then we dene:
Denition 1 If a diagram f
(n)
4,i at order n in the expansion of f4 an be ut
horizontally without utting through a fermion line or a vertex, then it is
alled reduible.
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f
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4 =

a
+ 2

b
Figure 7.1: First order diagrams of f2 and f4. The bubble diagrams stand for the sum
of the onneted (one trae) disonneted (two traes) diagram.
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Figure 7.2: Seond order diagrams of f2 and f4. The bubble diagrams stand for the sum
of the onneted (one trae) disonneted (two traes) diagram.
In Appendix B.2.4 we prove the following Lemma:
Lemma 1 If a diagram f
(n)
4,i at order n in the expansion of f4 is reduible,
then f
(n)
4,i an be written as a produt f
(r)
2,j · f (s)2,k of two diagrams appearing
in the expansion of f2, with n = r + s. The amputated part of f
(r)
2,j and
f
(s)
2,k is equal to the amputated part of the upper and the lower half of f
(n)
4,i ,
respetively.
Diagrammatially this is depited in Fig. 7.3. As a onsequene all prod-
uts of f2 diagrams in the expansion (7.8) are anelled by orresponding f4
diagrams. Only f4 diagrams that are not reduible are left
f4
(f2)
2 = 1 +
cI
f
(0)
4
f
(1)
4,I,a
+
cIcJ
f
(0)
4
{
f
(2)
4,IJ,a + 2f
(2)
4,IJ,b + f
(2)
4,IJ, + f
(2)
4,IJ,d + 4f
(2)
4,IJ,e − 2
f
(1)
2,I
f
(0)
2
f
(1)
4,J,a
}
+O(c3) .
(7.9)
From this result one easily reads o the expansion of R
R(θ) = R(1)(θ) +R(2)(θ) + O(c3) , (7.10)

j
k
=

j


k
Figure 7.3: Diagrammatial representation of Lemma 1.
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with
R(1)(θ) = cI R
(1)
I (θ) and R
(2)(θ) = cIcJ R
(2)
IJ (θ) . (7.11)
The rst and seond order terms are
R
(1)
I (θ) =
1
f
(0)
4
f
(1)
4,I,a , (7.12)
R
(2)
IJ (θ) =
1
f
(0)
4
{
f
(2)
4,IJ,a +2f
(2)
4,IJ,b+ f
(2)
4,IJ, + f
(2)
4,IJ,d +4f
(2)
4,IJ,e− 2
f
(1)
2,I
f
(0)
2
f
(1)
4,J,a
}
.
(7.13)
We now proeed with the expliit omputation for Wilson fermions.
7.3 Wilson fermions
The lattie ation of the hiral Gross-Neveu model with Wilson fermions we
use here is given by (5.27)
S
CGN,W
= a2
∑
x
{
ψ (D
W
+m0)ψ
− 1
2
g2(OSS − OPP )− 12δ2POPP − 12g2VOV V
}
. (7.14)
The renormalised mass vanishes if the bare mass is set to its ritial value
and the oupling of the pseudo-salar interation to its symmetri value
m0 = mc and δ
2
P = δ
2
P,s . (7.15)
Sine Lemma 1 holds for any m0, it is also true for m0 = mc. In order to
inorporate the expansion of mc in the expansion of R, two new terms have
to be added at seond order, orresponding to the derivative with respet to
am0 of the rst order term in (7.9) (∂m = ∂/∂am0)
R
(1)
I (θ) =
1
f
(0)
4
f
(1)
4,I,a , (7.16)
R
(2)
IJ (θ) =
1
f
(0)
4
{
f
(2)
4,IJ,a + 2f
(2)
4,IJ,b + f
(2)
4,IJ, + f
(2)
4,IJ,d + 4f
(2)
4,IJ,e
+ am
(1)
c,I∂mf
(1)
4,J,a − 2
f
(1)
2,I + am
(1)
c,I∂mf
(0)
2
f
(0)
2
f
(1)
4,J,a
}
, (7.17)
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where all diagrams are evaluated at m0 = 0. We do not set δ
2
P = δ
2
P,s from
the beginning, but keep it as a free parameter and only set it to its symmetri
value at the end of the omputation. This will allow us to ompare the general
result with omputations in the disrete Gross-Neveu model (f. Setion 5.4).
In the ase of R
(1)
I (θ) we have to evaluate only one diagram whih involves
a sum over the time oordinate of the four fermion interation. This sum
an be omputed analytially to some extent (f. Appendix B.2.2), i.e. the
ontinuum limit an be extrated. Using (B.35) and (B.27) we nd
R(1)(θ) =
T
2LC(θ)
{
2 g2 + δ2P (A(θ)− 1)− 2 g2V B(θ)
}
+O(a) . (7.18)
with
A(θ) =
L
2θT
sinh(2θT/L)
θ→0→ 1 (7.19)
B(θ) = cosh(2θT/L)
θ→0→ 1 (7.20)
C(θ) = cosh2(θT/L)
θ→0→ 1 . (7.21)
In the ase of R
(2)
IJ (θ) there are ve non-reduible diagrams involving
one momentum loop. The diagrams are evaluated numerially for a range
of lattie sizes and several θ values and extrat the nite and logarithmi
divergent terms (f. Setion 2.3 and Appendix B.2.3). Using Eqs. (B.39-
B.43) we nd
R(2)(θ) =
T
2LC(θ)
ln(a/L)
2π
{
− 4 g4 (N − B(θ)) + 2 δ4P (N − 1) (A(θ)− 1)
− 4 g2 δ2P ((N − 1)A(θ) +B(θ)−N) + 8 g2V δ2P A(θ)
}
+ . . . , (7.22)
where the dots indiate the nite part that has been suppressed here.
7.3.1 Disrete Gross-Neveu model
Our general four fermion interation theory also ontains the well studied
Gross-Neveu model [19℄. We all it here the disrete Gross-Neveu model for
its disrete hiral symmetry ψ → γ5ψ, ψ → −ψγ5 and in order to disriminate
it from the hiral Gross-Neveu model. The disrete Gross-Neveu model has
only the salar four fermion interation g2/2 (ψψ)2 (f. Setion 5.4). In our
notation this amounts to setting
δ2P = g
2 g2V = 0 . (7.23)
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This model possesses a O(2N) symmetry that allows no other interation
term. This stritly holds only for θ = 0 , π. For all other values the bound-
ary onditions break this symmetry. However, the loal Ward identities as-
soiated with this symmetry will still hold and therefore the ultra-violet
divergenes are expeted to remain unhanged.
The results of the last setion an be used to alulate the one-loop beta-
funtion, whih then an be ompared to previous results.
With the settings (7.23), eqs. (7.18) and (7.22) simplify to
R
(1)
dgn
(θ) =
T
2LC(θ)
(A(θ) + 1 + O(a)) g2 , (7.24)
R
(2)
dgn
(θ) = − T
2LC(θ)
ln(a/L)
π
(N − 1) (A(θ) + 1) g2 + . . . . (7.25)
A renormalised oupling an be dened by
g˜2
dgn
≡ F
dgn
=
2LC(θ)
T (A(θ) + 1)
R
dgn
(θ) , (7.26)
with the expansion
g˜2
dgn
a→0
= g2 − g4
{
N − 1
π
ln(a/L)− c
dgn
}
+O(g6) , (7.27)
with c
dgn
= c0
dgn
+c1
dgn
N . The orresponding beta-funtion (2.7) is (µ = 1/L)
β(g˜2
dgn
) = −N − 1
π
g˜4
dgn
+O(g˜6
dgn
) . (7.28)
This result is in aordane with previous ontinuum alulations [19, 22, 77,
78℄ and reent lattie alulations [76℄.
7.3.2 Chiral Gross-Neveu model
Now that we have ondene in our expansion, we set the pseudo-salar ou-
pling to its symmetri value δ2P = δ
2
P,s to ensure ontinuous hiral symmetry
at nite lattie spaing (up to O(a), f. Chapter 6)
δ2P,s = D3
(
N g4 − 2 g2 g2V − g4V
)
+O(g6) . (7.29)
Sine the orretion to zero is of order g4, this enters as a nite term in
R(2)(θ). Expliitly, in the hirally symmetri ase Eqs. (7.18) and (7.22)
beome
R(1)
gn
(θ) =
T
LC(θ)
{
g2 − g2V B(θ)
}
+O(a) , (7.30)
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R(2)
gn
(θ) = − T
LC(θ)
ln(a/L)
π
(N −B(θ)) g4 + . . . , (7.31)
where we suppressed the nite part. Thus renormalised ouplings may be
dened through
g˜2 ≡ Fg = L
T (B(θ)− 1) (B(θ)Rgn(0)− C(θ)Rgn(θ)) , (7.32)
and
g˜2V ≡ FV =
L
T (B(θ)− 1) (Rgn(0)− C(θ)Rgn(θ)) . (7.33)
They obey the ondition (7.1) as an be seen from their expansions
g˜2
a→0
= g2 − g4 N
π
ln(a/L) + cg +O(g
6) , (7.34)
and
g˜2V
a→0
= g2V − g4
1
π
ln(a/L) + cV +O(g
6) , (7.35)
where the nite parts at seond order are given by
cg = cg,gg g
4 + cg,V V g
4
V + cg,V g g
2
V g
2 − D3D(θ)
2
(
N g4 − 2 g2 g2V − g4V
)
,
(7.36)
and
cV = cV,gg g
4 + cV,V V g
4
V + cV,V g g
2
V g
2 − D3D(θ)
2
(
N g4 − 2 g2 g2V − g4V
)
,
(7.37)
where D(θ) is the ratio
D(θ) =
A(θ)− 1
B(θ)− 1 . (7.38)
The oeients cI,JK = c
0
I,JK + c
1
I,JK N show a rather mild dependene on θ.
They have been determined numerially for several values of θ in the interval
[0, 1]. The result is shown in Fig. 7.4 and Fig. 7.5, where open and lled
symbols refer to c0I,JK and c
1
I,JK respetively. The last term in (7.36) and
(7.37) originates from δP,s δ
2
P (7.29), whih has to be inluded at this order.
It is straightforward to derive the assoiated beta-funtions (µ = 1/L)
βg(g˜
2) = −g˜4 N
π
+O(g˜6) , (7.39)
and
βV (g˜
2) = −g˜4 1
π
+O(g˜6) . (7.40)
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Thus, from (7.39) we see that the oupling g2 is asymptotially free and from
(7.35) it is obvious that the oupling g2V reeives an additive renormalisation.
The one-loop beta-funtions derived here agree with the ones derived in the
MS sheme in Ref. [22℄.
As we have seen in Setion 5.3 there is some freedom in the hoie of four
fermion interations due to the identities (5.11)-(5.13). In partiular, it is
possible to nd a ombination of terms were one of the two beta-funtions
vanishes. This is also indiated by the formal ontinuum argumentation in
[74, 75℄. Indeed if we use (5.13) to rewrite (7.14) as in (5.32), the new
oupling δ2V is related to the original ones by (5.33)
δ2V = g
2
V − g2/N . (7.41)
Then (7.32) remains unhanged. But the renormalised oupling assoiated
with δ2V is given by
δ˜2V = g˜
2
V − g˜2/N = δ2V + cV − cg/N +O(g6) . (7.42)
There is no logarithmi divergene and therefore the orresponding beta-
funtion vanishes at this order
βδ(δ˜
2
V ) = O(g˜
6) . (7.43)
7.4 Ginsparg-Wilson fermions
The free modied Neuberger Dira operatorD
N
dened in Setion 4.3.1 obeys
γ5DN +DN γ5 = aDNγ5DN +∆B , (7.44)
The parameters c and s are set to 1 and 0, respetively, in the following. The
term ∆B is supported in the viinity of the boundaries and deays exponen-
tionally with the distane to them (f. Fig 4.1). In partiular, the rate of the
deay is onstant if the distane is measured in lattie units. Then transfor-
mation (5.34) is a symmetry of the ation and the assoiated Ward identities
are expeted to hold in the interior (well separated from the boundaries) of
lattie with small orretions whih vanish in the ontinuum limit. Therefore
we an use an ation with two four fermion interations (f. Setion 5.3.2)
S
CGN,GW
= a2
∑
x
{
ψD
N
ψ − 1
2
g2(OˆSS − OˆPP )− 12g2V OˆV V
}
, (7.45)
to ompute the orrelation funtions (7.2) and (7.3) in the Shrödinger fun-
tional with Ginsparg-Wilson fermions. The operators OˆI dier from the
operators OI by the substition ψ → ψˆ = (1− a2D)ψ.
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Figure 7.6: Cut-o dependene of the oeient of the leading order term in the ex-
pansion of the renormalised oupling of the disrete Gross-Neveu model. It is unity in the
ontinuum limit, as it should be. For omparison we plot Ginsparg-Wilson and Wilson
fermions.
The free propagator entering in the perturbative expansion is omputed
numerially as indiated in Setion 4.3.2 for lattie sizes L/a = 4 , 5 , . . . , 48
and θ = 0 , 0.1 , 0.5 , 1.
7.4.1 Disrete Gross-Neveu model
As in the ase of Wilson fermions we hek if the beta-funtion of the disrete
Gross-Neveu model is orretly reprodued. The renormalised oupling was
dened in (7.26). At nite lattie spaing one expets
g˜2
dgn
= g2 k
dgn
(a/L)− g4
{
N − 1
π
ln(a/L)− c
dgn
(a/L)
}
+O(g6) , (7.46)
where c
dgn
(a/L) = c0
dgn
(a/L) + c1
dgn
(a/L)N . The oeient of the leading
order term k
dgn
(a/L) is expeted to be unity in the ontinuum limit. In Fig.
7.6 its lattie spaing dependene is plotted for θ = 0 , 0.1 , 0.5 , 1. In any ase
it has the right ontinuum limit (the systemati error of the extrapolation is
O(10−5)). In Fig 7.7 the nite part at seond order is plotted for three θ-
values. These numbers are obtained by subtrating the expeted logarithmi
divergene from the seond order diagrams (we also determined the oeient
of the logarithmi divergene diretly with results ompatible with −(N −
1)/π and a systemati error of O(10−5)). Note that the ut-o eets of
the Ginsparg-Wilson fermions are roughly twie as large as for the Wilson
fermions.
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Figure 7.7: Subtrating the expeted logarithmi divergene (as indiated in (7.46))
from the seond order diagrams one obtains the nite part of g˜2
dgn
at order g4. We plot
here the result for three dierent values of θ. Open and lled symbols refer to c0
dgn
(a/L)
and c1
dgn
(a/L) respetively.
Thus the oupling of the lattie theory with the modied Neuberger op-
erator (4.48) an be renormalised in the same way as with Wilson fermions.
We now proeed with the hiral Gross-Neveu model.
7.4.2 Chiral Gross-Neveu model
The renormalised ouplings for the two interation terms are dened in the
same way as in the Wilson ase, i.e. by implementing the θ-dependene of
the leading order term in the expansion of R(θ)
g˜2 ≡ Fg = L
T (B(θ)− 1) (B(θ)Rgn,gw(0)− C(θ)Rgn,gw(θ)) , (7.47)
and
g˜V ≡ FV = L
T (B(θ)− 1) (Rgn,gw(0)− C(θ)Rgn,gw(θ)) . (7.48)
The dierene is that no additive mass renormalisation is needed (am0 = 0)
and that the pseudo-salar oupling vanishes exatly (δ2P = 0).
Sine in the ase of the modied Neuberger operator we have no analyti
handle on the leading order, we rst hek whether the denitions above
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e of the oeients of the leading order terms in the
expansion of the renormalised oupling g˜2 of the hiral Gross-Neveu model for θ = 0.5.
For omparison we plot Ginsparg-Wilson and Wilson fermions.
satisfy (7.1). To this end we expand
g˜2 = g2 kg,g(a/L) + g
2
V kg,V (a/L) + O(g
4) , (7.49)
and
g˜2V = g
2 kV,g(a/L) + g
2
V kV,V (a/L) + O(g
4) . (7.50)
The oeients were omputed for lattie sizes L/a = 4 , 5 , . . . , 48. Fig.
7.8 shows the oeients of g˜2 and Fig. 7.9 the oeients of g˜2V . Their
extrapolations to the ontinuum limit have the expeted values within the
systemati errors. For example, in the ase θ = 0.5 the result is
kg,g = 0.999995(17) kg,V = 0.000012(27) , (7.51)
and
kV,g = −0.000005(18) kV,V = 1.000011(28) . (7.52)
The results are similar for θ = 0.1 , 1. Again the ut-o eets of Ginsparg-
Wilson fermions exeed the ones of Wilson fermions.
At next to leading order we expet to nd the logarithmi divergenes
with oeients −N/π and −1/π, respetively, for g˜2 and g˜2V . As in the
ase of the disrete Gross-Neveu model we rst determined the oeient
of the divergene expliitly. After we were onvined that it has the right
value, we subtrated it from the sum of seond order diagrams. The resulting
amplitudes should have a nite or vanishing ontinuum limit. Expanding the
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e of the oeients of the leading order terms in the
expansion of the renormalised oupling g˜2V of the hiral Gross-Neveu model for θ = 0.5.
For omparison we plot Ginsparg-Wilson and Wilson fermions.
renormalised ouplings to seond order
g˜2 = g2 kg,g(a/L) + g
2
V kg,V (a/L)− g4
N
π
ln(a/L) + cg(a/L) + O(g
6) ,
(7.53)
and
g˜2V = g
2 kV,g(a/L) + g
2
V kV,V (a/L)− g4
1
π
ln(a/L) + cV (a/L) + O(g
6) ,
(7.54)
these amplitudes are cg(a/L) and cV (a/L). They an be sorted by powers of
the bare ouplings
cg = cg,gg g
4 + cg,V V g
4
V + cg,V g g
2
V g
2 , (7.55)
and
cV = cV,gg g
4 + cV,V V g
4
V + cV,V g g
2
V g
2 , (7.56)
and powers of N
cI,JK = c
0
I,JK + c
1
I,JK N . (7.57)
In the ontinuum limit we do not expet to nd the same values for these
oeients as in the Wilson ase, beause the nite part of the renormalised
oupling is sheme dependent. However, as indiated above they should have
a nite or vanishing ontinuum limit. Any unanelled divergene would
mean that additional terms are needed in the ation to absorb them. But
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as an be seen from Figs. 7.10 and 7.11 there is no suh divergene, all
oeients have a well dened ontinuum limit. The dependene of the
values of the extrapolation on θ is depited in Figs. 7.12 and 7.13. Although
the amplitudes are dierent, the funtional dependene is, as it should be,
idential to the Wilson ase.
Sine we nd the same divergenes the beta-funtions assoiated with the
renormalised ouplings are the same as in the Wilson ase. This, of ourse,
omes as no suprise. If the theory with the modied Neuberger operator
in the ation is renormalisable and desribes the same ontinuum theory, all
oeients of the beta-funtion must be equal sine it is universal as a whole.
7.5 Summary and ratio of Lambda parameters
In the last two Setions we alulated the renormalised ouplings and beta-
funtions of the disrete and hiral Gross-Neveu model in one-loop pertur-
bation theory for Wilson and Ginsparg-Wilson fermions in the Shrödinger
funtional. Both models have a asymptotially free oupling. In the hiral
Gross-Neveu model there is also a oupling that does not renormalise, i.e. its
beta-funtion vanishes. The rst oeient of the beta-funtion is universal
and we orretly reprodue the known values
DGN: b0 = −N − 1
π
CGN: b0 = −N
π
. (7.58)
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A nontrivial test of the equality of the theory with Wilson and with Ginsparg-
Wilson fermions is now the omputation of the ratio of the lattie Λ-param-
eters to show its independene of the angle θ.
Disrete Gross-Neveu model: The ontinuum limit of the renormalised
oupling of the disrete Gross-Neveu model alulated with Wilson fermions
g˜2
a→0
= g2
w
+ g4
w
{b0 ln(a/L) + cw}+O(g6
w
) , (7.59)
and with Ginsparg-Wilson fermions
g˜2
a→0
= g2
gw
+ g4
gw
{b0 ln(a/L) + cgw}+O(g6
gw
) , (7.60)
must be equal. This allows to relate the bare ouplings, e.g.
g2
gw
= g2
w
+ a1 g
4
w
+O(g6
w
) , a1 = c
w − cgw . (7.61)
The nite parts cdgn
w
and cdgn
gw
are funtions of θ. Sine it is a probe to
the theory like external momenta, the relation between the bare parameters
(7.61) an not depend on it. Therefore the dierene a1 has to be independent
of θ. This is equal to saying that the ratio of the lattie Λ-parameters
Λ
LAT, gw
/Λ
LAT, w
= exp
{
a1
2b0
}
. (7.62)
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has to be independent of θ. The lattie Λ-parameter is analogous to the
Λ-parameter in (2.24), but with the renormalised oupling replaed with the
bare oupling and the beta-funtion replaed with the lattie beta-funtion.
For the ratio of the lattie Λ-parameters in the disrete Gross-Neveu model
at θ = 0, 0.5 and N = 2, 4 we nd
Λ
LAT, gw
/Λ
LAT, w
∣∣∣∣∣
N=2, θ=0 [0.5]
= 0.987(7) [0.986(12)] , (7.63)
Λ
LAT, gw
/Λ
LAT, w
∣∣∣∣∣
N=4, θ=0 [0.5]
= 0.712(12) [0.713(21)] . (7.64)
Chiral Gross-Neveu model: The hiral Gross-Neveu model has two ou-
pling onstants and the result for the renormalised ouplings an be given in
the following form for Wilson fermions
g˜2
a→0
= g2
w
− g4
w
N
π
ln(a/L) + cwg +O(g
6
w
) , (7.65)
δ˜2V
a→0
= δ2V,w + c
w
V − cwg /N +O(g6w) , (7.66)
and Ginsparg-Wislon fermions
g˜2
a→0
= g2
gw
− g4
gw
N
π
ln(a/L) + cgwg +O(g
6
gw
) , (7.67)
δ˜2V
a→0
= δ2V,gw + c
gw
V − cgwg /N +O(g6gw) . (7.68)
These are ouplings of (5.24). The nite parts are omposed of three terms
cig = c
i
g,gg g
4
i + c
i
g,V V g
4
V,i + c
i
g,V g g
2
V,ig
2
i , (7.69)
ciV = c
i
V,gg g
4
i + c
i
V,V V g
4
V,i + c
i
V,V g g
2
V,ig
2
i , (7.70)
for i = w, gw (no sum). The renormalised quantities must oinide. This
yields relations between the bare ouplings
g2
gw
= g2
w
+ ag +O(g
6
w
) , ag = c
w
g − cgwg , (7.71)
δ2V,gw = δ
2
V,w + aV +O(δ
6
V,w) , aV = c
w
V − cgwV − ag/N . (7.72)
Again the oeients ag and aV have to be independent of θ. That this is the
ase an be seen in Fig. 7.12 and 7.13. There ag and aV are the dierenes
between the urves and the orresponding symbols. It is nite, but onstant.
The beta-funtion of the vetor-vetor oupling δ˜V vanishes at one-loop
(7.43). This is in agreement with two-loop alulations [22℄ and formal on-
tinuum arguments [74, 75℄. Furthermore the vetor-vetor oupling was
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not onstrained by the restoration of hiral symmetry in the ase of Wil-
son fermions (see Chapter 6). Therefore no value of the bare oupling δV
is distinguished. For eah xed value the theory is an one oupling theory.
The ratio of the lattie Λ-parameters an then be alulated as in the dis-
rete Gross-Neveu model (Eqs. (7.61) and (7.62)). For onveniene we take
δ2V,w = 0. From (7.72) it follows that δ
2
V,gw = O(g
4
w
) and the oeient ag
simplies to
ag = a1 g
4
w
a1 = c
w
g,gg − cgwg,gg . (7.73)
We list the ratio for θ = 0.1, 0.5
Λ
LAT,gw
/Λ
LAT,w
∣∣∣∣∣
N=2,θ=0.1 [0.5]
= 0.9893(7) [0.9892(10)] , (7.74)
Λ
LAT,gw
/Λ
LAT,w
∣∣∣∣∣
N=4,θ=0.1 [0.5]
= 0.776(1) [0.776(2)] . (7.75)
The ratio of the Λ-parameters has been alulated in QCD on a lattie with
periodi boundary onditions in [79℄. The values there are similar to the ones
obtained here.
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Chapter 8
Conlusions
The main result of this work is the formulation of the Shrödinger funtional
(SF) for fermioni models of the Gross-Neveu type with a nite number N
of fermion avours. In 1-loop lattie perturbation theory we showed that the
theory is renormalisable with Wilson and Ginsparg-Wilson fermions. This is
the rst hek of the reently proposed Dira operator [32℄ beyond the free
theory.
In two dimensions four fermion interations have dimensionless oupling
onstants. We disussed the symmetry properties of the four fermion intera-
tion terms and the relations among them. Due to its Abelian hiral symmetry
the ontinuum hiral Gross-Neveu (CGN) model has two independent inter-
ation terms. A possible hoie is g2/2 ((ψψ)2 − (ψγ5ψ)2) + g2V /2 (ψγµψ)2.
Beause Wilson fermions expliitly break hiral symmetry, the most gen-
eral lattie ation for the hiral Gross-Neveu model has an independent four
fermion interation that breaks hiral invariane, for example δ2P/2 (ψγ5ψ),
and a mass term. The model with three ouplings beomes the disrete
Gross-Neveu model (DGN), when two of the ouplings are set appropriately.
Like in QCD hiral Ward identities an be used to dene the ritial
mass. The Ward identity of the loal axial urrent, stritly valid only in the
ontinuum, is demanded to hold on the lattie up to orretions of O(a). The
ritial mass anels the linear divergene that appears in the Ward identity
beause of operator mixing. However, for the restoration of hiral symmetry
it is also neessary to tune the symmetry breaking oupling to its symmetry
restoring value. We omputed the ritial mass and the symmetri oupling
up to seond order in lattie perturbation theory. We nd no onstraint on
the vetor-vetor oupling g2V . Or phrased in another way, the vetor-vetor
oupling has not to be tuned in order to restore hiral symmetry. This is the
rst determination of this parameters at nite-N . The result is onsistent
with alulations in the large-N limit.
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Renormalised ouplings for g2 and g2V are dened at vanishing renor-
malised mass. The natural hoie are boundary-to-boundary orrelation
funtions with four external fermions. For Wilson fermions the non-trivial
dependene of the rst order diagrams on the phase θ, whih parametrises
the spatial boundary onditions, ould be alulated analytially. This was
ruial in order to dene the renormalised ouplings in suh a way, that
they are equal to the orresponding bare oupling at leading order pertur-
bation theory. This denition has then been applied in the alulation with
Ginsparg-Wilson fermions, where one has no analyti handle on the diagrams.
The oeient of the logarithmi divergene and the nite part at 1-loop
is omputed numerially to a high preision using the method desribed in
[45℄. We orretly reprodued the rst oeient of the beta-funtion for the
CGN and DGN. Both models have a asymptotially free oupling. Further-
more the ouplings an be redened suh, that the vetor-vetor oupling
does not renormalise, i.e. its beta-funtion vanishes. This is onsistent with
2-loop alulations and formal ontinuum arguments. The nite part shows
a mild dependene on θ. The ut-o eets are learly O(a).
The denition of the renormalised ouplings is suitable for a omputation
in Monte Carlo simulations. The boundary-to-boundary orrelation fun-
tions are easily implemented and the θ dependene is strong enough to dis-
riminate the ouplings. Sine the SF is a nite size regularisation sheme
the spatial extension provides a natural sale in the system and it is possi-
ble to dene step saling funtions [4℄ for the renormalised ouplings. The
renormalisation group invariant step saling funtions an then be used as
benhmark observables for universality studies of dierent lattie ations.
We used the results of the omputation with Wilson fermions to study
a reently proposed modied Neuberger-Dira operator [32℄ in 1-loop lattie
perturbation theory. The operator is ompatible with the SF boundary on-
ditions in the sense of Setion 4.1.2. The operator of the free theory is shown
to be loal (but not ultraloal) and to obey the Ginsparg-Wilson relation
up to terms loalised at the boundaries with exponentially dereasing tails.
Thus the lattie hiral symmetry assoiated with Ginsparg-Wilson fermions
is a symmetry in the interior of the lattie and orrelations of loal elds
at physial distanes from the boundaries obey the same Ward identities as
they do on periodi latties. After the substitution ψ → (1− a
2
D)ψ the new
four fermion operators transform under the lattie hiral symmetry in the
same way as the old ones under the ontinuum symmetry. Therefore δ2P = 0
is proteted by the symmetry and no tuning is neessary.
The modied Neuberger-Dira operator (4.48) is rather ompliated. The
eigenfuntions of the operator under the square root were derived. We did
not sueed in deriving an analyti expression for the Dira operator. But the
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Dira operator and its inverse an be omputed numerially using standard
tehniques [72℄.
The omputation of the previously dened renormalised ouplings was
repeated with Ginsparg-Wilson fermions. For the oeients of the loga-
rithmi divergene we found perfet agreement with the Wilson result, thus
proving the SF with Ginsparg-Wilson fermions to be renormalisable at the
one loop level. As expeted, the regularisation dependent nite part diers.
The ut-o eets are O(a) and larger than in the Wilson ase. To ahieve
O(a)-improvement one would have to redene the orrelation funtions [80℄
and to introdue four fermion interation terms at the boundaries.
Finally we used the 1-loop alulation of the renormalised oupling with
Wilson and Ginsparg-Wilson fermions to ompute the ratio of orresponding
Λ-parameters, whih yields reasonable results.
With this work the Shrödinger funtional for Gross-Neveu models is
well established. It an be used as a benhmark system for fermion ations.
It should be possible to simulate with Wilson as well as Ginsparg-Wilson
fermions.
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Appendix A
Notation
A.1 Denitions
A.1.1 Dira matries
The γ-matries are dened through the Cliord algebra in Eulidean spae
{γEµ , γEν } = 2δµν .
Sine the Pauli matries
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
,
already have the right dimension and antiommutation properties, they an
diretly used to represent the Eulidean γ-matries in D = 2 dimensions.
One possible hoie is
γ0 = σ2 ,
γ1 = σ1 .
and for hermitian γ5
γ5 ≡ iγ0γ1 = σ3 .
In this representation the hiral projetors are diagonal. They are dened
PR,L =
1
2
(1± γ5) , (A.1)
with the properties
P 2R,L = PR,L , PLPR = PRPL = 0 , (A.2)
γ5PR,L = ±PR,L , (A.3)
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PR + PL = 1 , PR − PL = γ5 , (A.4)
We also need the projetors dened using γ0
P± =
1
2
(1± γ0) . (A.5)
These projetors beome espeially simple in another representation
γ0 = σ3 ,
γ1 = σ1 .
γ5 ≡ iγ0γ1 = −σ2 .
Then
P+ =
(
1 0
0 0
)
, P− =
(
0 0
0 −1
)
. (A.6)
A.1.2 Generators of SU(N)
The Lie algebra su(N) of SU(N) an be identied with the spae of omplex
N ×N matries M satisfying
M † = M , Tr {M} = 0 . (A.7)
The generators of SU(N) an be identied with a basis λa, a = 1, 2, . . . , N2−
1 in this spae normalised to
Tr
{
λa λb
}
= Cδab , C = 2 . (A.8)
They obey ommutation relation (repeated indies are summed over)
[λa, λb] = 2ifabcλc , (A.9)
with the totally antisymmetri struture onstants fabc.
Now every omplex N × N matrix X an be expanded in the omplete
basis
λA =
{√
2
N
1, λa
}
, A = 0, 1, . . . , N2 − 1 . (A.10)
The expansion reads
X = 1
2
∑
A
λA Tr
{
λAX
}
. (A.11)
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Expanding in suh a way the matrix X
(lk)
ij = 2δikδjl one nds the identity
(λa)ij(λ
a)lk = 2δikδjl − 2N δijδlk . (A.12)
Thus the quadrati Casimir operator is
(λaλa)ij = C2δij , C2 =
2(N2 − 1)
N
. (A.13)
The following identities are usefull when evaluating avour traes of Feyn-
man diagrams
Tr {λaλa} = N C2 , (A.14)
Tr
{
λaλaλbλb
}
= N (C2)
2 , (A.15)
(λaλbλa)ij = (C2 − 2N)(λb)ij , (A.16)
Tr
{
λaλbλaλb
}
= N C2 (C2 − 2N) , (A.17)
Tr
{
λaλb
}
Tr
{
λaλb
}
= C N C2 . (A.18)
A.1.3 Lattie notation
Here we dene the lattie dierene operators. Via the fator λµ we are able
to dene the theory with general boundary onditions. (For details see [71℄.)
∂µψ(x) =
1
a
[λµψ(x+ aµˆ)− ψ(x)] (A.19)
∂∗µψ(x) =
1
a
[ψ(x)− λ−1µ ψ(x− aµˆ)] (A.20)
λµ = e
iaθµ/L , θ0 = 0 , −π < θ1 ≤ π , (A.21)
p±µ = pµ ± θµ/L (A.22)
◦pµ =
1
a
sin(apµ) (A.23)
pˆµ =
2
a
sin(apµ/2) , (A.24)
The left ation of dierene operators is dened as
ψ(x)
←
∂µ =
1
a
[ψ(x+ aµˆ)λ−1µ − ψ(x)] (A.25)
ψ(x)
←
∂∗µ =
1
a
[ψ(x)− ψ(x− aµˆ)λµ] . (A.26)
They are related to the right dierene operators∑
x
ψ(x)
←
∂µψ(x) = −
∑
x
ψ(x)∂∗µψ(x) (A.27)∑
x
ψ(x)
←
∂∗µψ(x) = −
∑
x
ψ(x)∂µψ(x) . (A.28)
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and an be used to dene the left ation of the Dira operator
←
D = 1
2
[(
←
∂∗µ +
←
∂µ)γµ − a←∂∗µ
←
∂µ] (A.29)
←
D† = 1
2
[−(←∂∗µ +
←
∂µ)γµ − a←∂∗µ
←
∂µ] . (A.30)
In partiular, the ation in the interior of the lattie an be written
a2
T−a∑
x0=a
L−a∑
x1=0
ψ(x){D +m0}ψ(x) = a2
T−a∑
x0=a
L−a∑
x1=0
ψ(x){←D† +m0}ψ(x) . (A.31)
A.2 Free theory
A.2.1 Formulae
The positive energy plane wave solutions of the Dira equation are
ψ(x) = eipx , Im p0 > 0 , (A.32)
with spatial momentum p1 integer multiple of 2π/L in the range
− π/a < p1 ≤ π/a , (A.33)
The energy
p0 = p
+
0 = iω(p
+
1 ) mod 2π/a , (A.34)
is onstrained by Dira equation giving
( ◦p+)2 +M(p+)2 = 0 , (A.35)
M(p) = m0 +
a
2
pˆ2 , (A.36)
whih denes ω(q1)
sinh
[
a
2
ω(q1)
]
=
a
2
{ ◦q21 + (m0 + a2 qˆ21)2
1 + a(m0 +
a
2
qˆ21)
} 1
2
, (A.37)
This implies ω(p+1 ) ≥ 0 for m0 ≥ 0.
The following amplitudes appear in the free propagator
A(q1) = 1 + a(m0 +
a
2
qˆ21) , (A.38)
R(q) = M(q)
{
1− e−2ω(q1)T}− i ◦q0 {1 + e−2ω(q1)T} . (A.39)
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A.3 Four fermion operators
A.3.1 Fierz transformation
Fierz transformations onnet produts of Dira bilinears by rearranging the
order of the Dira spinors. Thus some of these produts are not independent.
In two dimensions the set
ΓA = {1, γ0, γ1, γ5}
is normalised to
tr(ΓAΓB) = 2δAB (A.40)
and forms a omplete basis for omplex 2× 2 matries Mαβ :
Mαβ =
1
2
∑
A
ΓAαβ tr(Γ
AM) .
Considering four Dira spinors ψ1, ψ2, ψ3 and ψ4 the general form of the
Fierz identity is then
(ψ1Γ
Aψ2)(ψ3Γ
Bψ4) =
∑
C,D
CABCD(ψ1Γ
Cψ4)(ψ3Γ
Dψ2) . (A.41)
To x the unknown oeients CABCD onsider the left-hand side with all Dira
indies expliit
ψ1αΓ
A
αβψ2βψ3λΓ
B
λσψ4σ = −ΓAαβΓBλσψ1αψ4σψ3λψ2β
= −ΓAαβΓBλσMσαM ′βλ
= −1
4
∑
C,D
ΓAαβΓ
B
λσΓ
C
σαΓ
D
βλ tr(Γ
CM) tr(ΓDM ′)
= −1
4
∑
C,D
tr(ΓCΓAΓDΓB)(ψ1Γ
Cψ4)(ψ3Γ
Dψ2)
where Mσα = ψ1αψ4σ and M
′
βλ = ψ3λψ2β are 2 × 2 matries, that are ex-
panded in the third line in the basis given above. In the last line we used
tr(ΓCM) = ΓCρνψ1ρψ4ν = ψ1Γ
Cψ4
and similar for tr(ΓDM ′). The overall sign is due to the fat that the elds
antiommute. Thus the oeients are determined through
CABCD = −
1
4
tr(ΓCΓAΓDΓA) . (A.42)
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ΓA ΓC CAACC
1 1, γ0, γ1, γ5 −12
γµ 1 −12
γ5
1
2
γν (−1)δµν 12
γ5 1, γ5 −12
γν
1
2
Table A.1: Some oeients of the Fierz transformation Eq. (A.41).
We are mainly interested in the oeients for ΓA = ΓB. One nds
CAACD ∝ δCD for all ΓC ,ΓD .
The 16 nonzero oeients CAACC are olleted in Table A.1.
For the subtration of ΓA = ΓB = 1 and ΓA = ΓB = γ5 only the terms
with γµ survive
(ψ1ψ1)(ψ2ψ2)− (ψ1 γ5 ψ1)(ψ2 γ5 ψ2) = −
∑
µ
(ψ1 γµ ψ2) (ψ2 γµ ψ1) .
In the ase of ΓA = γµ the terms with Γ
C = γν anel due to the impliit
sum over µ and the fat that we have just two γ-matries:
(ψ1γµψ1)(ψ2γµψ2) = −(ψ1ψ2)(ψ2ψ1) + (ψ1 γ5 ψ2)(ψ2 γ5 ψ1) .
A.3.2 Flavour mixing
Using the expansion introdued in Eq. (A.10) the matrix Mij = ψi Γψj,
where Γ is a matrix ontrating the Dira indies of ψ and ψ, an be written
as
Mij =
1
2
∑
A
λAij (ψ Γ λ
A ψ) ,
and
N∑
i,j
Mij Mji =
1
22
∑
A,B
Tr
{
λA λB
}
(ψ Γ λA ψ) (ψ Γ λB ψ) .
Sine the matries λA are normalised to
Tr
{
λA λB
}
= 2δAB
A.3 Four fermion operators 107
one ends up with
N∑
i,j
ψi Γψj ψj Γψi =
1
N
(ψ Γψ)2 +
1
2
∑
a
(ψ Γ λa ψ)2 .
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Appendix B
Correlation funtions
B.1 Properties of the free Wilson propagator
B.1.1 Analytially known quantities
We work in a half Fourier transformed spae, e.g. the free propagator in the
interior of the SF is
a
∑
x1
eik1(y1−x1) [ψ(x)ψ(y)] = S˜(x0, y0, k1) . (B.1)
To evaluate the zeroth and rst order diagrams we need the free propa-
gators from boundary to boundary
a
∑
x1
eip1(y1−x1) [ζ ′(x1)ζ(y1)] = k(p1)P+ ≡ K(p1) , (B.2)
a
∑
x1
eip1(y1−x1) [ζ(x1)ζ
′
(y1)] = γ5K
†(p1)γ5 , (B.3)
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and from the boundaries to the bulk (and vie versa)
a
∑
y1
eip1(y1−x1) [ψ(x)ζ(y1)] =
2e−2ω(p
+
1
)T
R(p+)
h(x0, p1)P+ (B.4)
≡ H(x0, p1) , (B.5)
a
∑
y1
eip1(y1−x1) [ζ(y1)ψ(x)] = γ5H
†(x0, p1)γ5 , (B.6)
a
∑
y1
eip1(y1−x1) [ψ(x)ζ
′
(y1)] =
2e−2ω(p
+
1
)T
R(p+)
h(T − x0, p1)P− (B.7)
≡ H ′(x0, p1) , (B.8)
a
∑
y1
eip1(y1−x1) [ζ ′(y1)ψ(x)] = γ5H
′†(x0, p1)γ5 . (B.9)
From the denition of the Wilson propagator (4.41) one infers
k(k1) = −2i ◦k+0
A(k+1 )
R(k+)
e−ω(k
+
1
)T , (B.10)
h(y0, k1) = h1(y0, k1) + iγ1h2(y0, k1) , (B.11)
h1(y0, k1) = M(k
+) sinh(ω(k+1 )(T − y0))− i
◦
k+0 cosh(ω(k
+
1 )(T − y0)) , (B.12)
h2(y0, k1) = − ◦k+1 sinh(ω(k+1 )(T − y0)) . (B.13)
For k1 = 0 and at zero bare mass we nd
k(0)
∣∣
m0=0
=
1
cosh(θT/L)
+ O(a2) , (B.14)
h1(y0, 0)
∣∣
m0=0
= θ/L cosh(θ(T − y0)/L) + O(a2) , (B.15)
h2(y0, 0)
∣∣
m0=0
= θ/L sinh(θ(T − y0)/L) + O(a2) , (B.16)
2e−2ω(0
+)T
R(0+)
∣∣∣∣∣
m0=0
=
1
θ/L cosh(θT/L)
+ O(a2) . (B.17)
B.1.2 The propagator at zero distane
Consider the free propagator
S(x, y) = [ψ(x)ψ(y)] =
〈
ψ(x)ψ(y)
〉
0
, (B.18)
whih is one of the basi ontrations in our omputation. For oiniding
arguments y → x and in the ontinuum theory, just by Eulidean invariane,
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one infers that S(x, x) must be diagonal in Dira spae. This an be made
more expliit by looking at the free propagator on the lattie in a periodi
box. Sine S(x, x) it is a loal quantity, it is not sensitive to the speial kind
of boundary onditions, one the ontinuum limit has been taken. For an
innite periodi box the free propagator for Wilson fermions reads
SPB(x, y) =
∫ π/a
−π/a
d2p
2π
eip(x−y)
−iγµ ◦pµ +M(p)
◦p2 +M(p)2
, (B.19)
where M(p) is dened as usual (f. my notes). Exept for −iγµ ◦pµ, whih
is odd, and eip(x−y), whih is one for y → x, all terms in this expression are
even. Thus SPB(x, x) has no Dira struture, i.e. is a multiple of the unit
matrix in Dira spae, even at nite lattie spaing. This will hange if we
allow for general boundary onditions inluding a phase eiθ. But it will still
onverge to the identity in the ontinuum limit.
For the Shrödinger funtional free propagator the same behaviour an
be shown to hold. In partiular this means for the dimensionless produt
a S(x, x) =
a
L
∑
k1
S˜(x0, x0, k1) = B(x0) + O(a
2/L2 θ1) , (B.20)
where B(x0) = B1+B2(x0, θ1) a/L+O(a
2/L2) is a -number valued funtion
and S˜(x0, y0, k1) is the propagator in the half Fourier transformed spae we
do the atual alulation in. Its deviation from a diagonal form in Dira
spae is of order a2/L2 θ1. For the diagonal part we nd
B(x0) = 0.3849001 + [0.5000 + O((T − 2x0)/L) + O(θ1)] a/L+O(a2/L2) ,
(B.21)
B.1.3 Bubble redution
In the perturbative expansion the free propagator at zero distane appears
sandwihed between two Dira strutures when two spinors of one and the
same four fermion interation are ontrated and produe a bubble in the
diagram (see also Fig. B.1)
ΓIa
[
ψ(x)ψ(x)
]
ΓI = a S(x, x) + ΓI [a S(x, x),ΓI ] (B.22)
= B(x0) + FI(x) a
2/L2 θ1 + . . . , (B.23)
where on the left hand side the brakets denote a ontration while on the
right hand side they denote a ommutator. This means that in these ases
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Figure B.1: A four fermion interation ontrated to a bubble an be redued to a
insertion of the salar density.
the insertion of the four fermion interations an be redued to the insertion
of the salar density
a2
∑
x
〈
. . . ψ(x)ΓI
[
ψ(x) ψ(x)
]
ΓIψ(x) . . .
〉
0
=
a
∑
x
〈
. . . ψ(x)
(
B(x0) + FI(x) a
2/L2 θ1 + . . .
)
ψ(x) . . .
〉
0
. (B.24)
For θ1 = 0 (periodi boundary onditions in spae) this redution is exat.
The insertion of the salar density in a orrelation funtion in turn an
be written as the derivation of this orrelation funtion with respet to the
mass parameter m0
∂
∂am0
〈
O
〉
0
= −a
∑
x
〈
O ψ(x)ψ(x)
〉
0
. (B.25)
B.2 Boundary-boundary orrelation funtions
B.2.1 Free theory
In a diagrammati expansion we nd at zeroth order one diagram for the
two- and the four-point funtion (7.2) and (7.3). In terms of the propagators
introdued in the last setion they read
f
(0)
2 = trd {K(0)} = k(0) , (B.26)
f
(0)
4 = trd
{
K(0)K†(0)
}
= k2(0) . (B.27)
Note that f
(0)
4 =
(
f
(0)
2
)2
. At zero bare mass we nd
f
(0)
2
∣∣∣
m0=0
=
1
cosh(θT/L)
+ O(a2) . (B.28)
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B.2.2 First order
At rst order there are two diagrams for f4 and one diagram for f2 (f. Fig.
7.1). Only diagram a is needed in the omputation of the ratio (7.5). That
is beause with the help of Lemma 1 diagram b an be written as f
(1)
2 · f (0)2
and is hene aneled in the expansion. In terms of the above introdued
propagators diagram a reads (H(y0) = H(y0, 0))
f
(1)
4,a =
∑
I
cI f
(1)
4,I,a , I = S, P, V , (B.29)
f
(1)
4,I,a =
a
L
∑
x0
trd
{
ΓBγ5H
†(x0)γ5ΓIH
′(x0)Γ
′
Bγ5H
′†(x0)γ5ΓIH(x0)
}
.
(B.30)
The onvention for oupling onstants used in this appendix translates into
the one of (5.27) via
cS = g
2 , cP = g
2 − δ2P , and cV = g2V . (B.31)
Sine {γ1, h(y0, p1)} = 0 in ase of diagram a, it is easier to do the om-
putation with Γ′B = ΓB = γ1 (of ourse the result must be the same with
Γ′B = ΓB = γ5, this an be used as a hek). Then
f
(1)
4,I,a =
(
2e−2ω(0
+)T
R(0+)
)4
a
L
∑
x0
trd {h(x0)P+γ1P−h(x0)ΓIh(T − x0)P−γ1P+h(T − x0)ΓI} , (B.32)
and
trd {. . . } = trd {γ1ΓIγ1 h(x0)P−h(x0) ΓI h(T − x0)P−h(T − x0)} . (B.33)
Using
hP−h = h
2
1P− − h22P+ + iγ1h1h2 , (B.34)
this results in
ΓS = 1 → trd {. . . } =(h1(x0)h1(T − x0)− h2(x0)h2(T − x0))2
ΓP = iγ5 → trd {. . . } =− (h1(x0)h2(T − x0)− h2(x0)h1(T − x0))2
ΓV = γ0 + γ1 → trd {. . . } =−
{
(h1(x0)h1(T − x0) + h2(x0)h2(T − x0))2
+ (h1(x0)h2(T − x0) + h2(x0)h1(T − x0))2
}
.
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At zero bare mass we nd
ΓS = 1 → trd {. . . } =(θ/L)4 cosh2(θ(T − 2x0)/L) + O(a2)
ΓP = iγ5 → trd {. . . } =− (θ/L)4 sinh2(θ(T − 2x0)/L) + O(a2)
ΓV = γ0 + γ1 → trd {. . . } =− (θ/L)4 cosh(2θT/L) + O(a2) .
Taking the naive ontinuum limit of the sum in (B.30) for I = S, P we nd
a
L
T−a∑
y0=a
cosh2(θ(T − 2y0)L) = 1
L
∫ T
0
dy0 cosh
2(θ(T − 2y0)/L) + O(a)
=
1
4θ
sinh(2θT/L) +
T
2L
+O(a) ,
a
L
T−a∑
y0=a
sinh2(θ(T − 2y0)L) = 1
L
∫ T
0
dy0 sinh
2(θ(T − 2y0)/L) + O(a)
=
1
4θ
sinh(2θT/L)− T
2L
+O(a) .
Finally using (B.17)
f
(1)
4,a
∣∣∣∣∣
m0=0
=
T
2L (C(θ))2
{(cS − cP )A(θ) + cS + cP − 2cVB(θ)}+O(a) ,
(B.35)
A(θ) =
L
2θT
sinh(2θT/L)
θ→0→ 1 , (B.36)
B(θ) = cosh(2θT/L)
θ→0→ 1 , (B.37)
C(θ) = cosh2(θT/L)
θ→0→ 1 . (B.38)
B.2.3 Seond order
At seond order there are nine diagrams for f4 and three diagram for f2
(f. Fig. 7.2). But beause of Lemma 1 we need to evaluate only the ve
non-reduible diagrams a-e.
The seond order diagrams involve one momentum loop and are therefore
treated numerially. For the logarithmi divergent part we nd
f
(2)
4,a
∣∣∣∣∣
m0=0
=
T
2L (C(θ))2
ln(a/L)
2π
{
(−c2S − c2P + 2 cS cP )B(θ)
− 4 c2V B(θ) + 4 cV (cS − cP )A(θ)
}
+O(1) , (B.39)
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f
(2)
4,b
∣∣∣∣∣
m0=0
=
T
2L (C(θ))2
ln(a/L)
2π
{
2 c2S (A(θ) + 1)−2 c2P (A(θ)− 1)−4 cS cP
+ 4 cV (cS (A(θ) + 1)− cP (A(θ)− 1))
}
+O(1) , (B.40)
f
(2)
4,
∣∣∣∣∣
m0=0
=
T
2L (C(θ))2
ln(a/L)
2π
{
(c2S + c
2
P + 2 cS cP )B(θ)
+ 4 c2V B(θ)− 4 cV (cS + cP )
}
+O(1) , (B.41)
f
(2)
4,d
∣∣∣∣∣
m0=0
=
−NT
2L (C(θ))2
ln(a/L)
2π
{
2 c2S (A(θ) + 1)
− 2 c2P (A(θ)− 1)
}
+O(1) , (B.42)[
4f
(2)
4,e + am
(1)
c ∂mf
(1)
4,a − 2
f
(1)
2 + am
(1)
c ∂mf
(0)
2
f
(0)
2
f
(1)
4,a
]
m0=0
= O(1) (B.43)
B.2.4 Proof of Lemma 1
A diagram fn2,i at order n ≥ 0 in the expansion of f2 (f. Eq. (7.2)) takes the
general form (the subsript i is only to label the diagram)
f
(n)
2,i =
( a
L
)n ∑
xt
0
; kt
1
; It
trd {Vn P+} , t = 1, . . . , n , (B.44)
where for n = 0
V0 = K(0) , (B.45)
and for n ≥ 1
Vn = F
2 h(T − y0) V (xt0 ; kt1 ; It) h(z0) , t = 1, . . . , n , (B.46)
y0 , z0 ∈ {x10, . . . xn0} , F =
2e−2ω(0
+)T
R(0+)
, (B.47)
With h(y0) = h(y0, 0) as dened in Setion B.1.1. For example, if n = 1
there is only one possibility
V1 = F
2 h(T − x10) ΓI1
∑
k1
S˜(x10, x
1
0, k1) ΓI1 h(x
1
0) . (B.48)
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For arbitrary n ≥ 1 the kernel V (xt0 ; kt1 ; It) is a produt of free propagators
and 2n Dira strutures ΓIt = {1, γ5, γ0 + γ1} oming from the verties. The
free propagator is γ5 hermitian γ5S˜(x0, y0, k1)
†γ5 = S˜(y0, x0, k1). And sine
besides the propagators there is an even number of γ-maties in V , it also is
γ5 hermitian. Then Vn has the property
γ5V
†
nγ5 = F
2 h(z0) V (x
t
0 ; k
t
1 ; It) h(T − y0) , t = n, . . . , 1 . (B.49)
Using properties of the trae and that f2 is real we have the identity
trd {Vn P+} = trd
{
γ5V
†
nγ5 P−
}
. (B.50)
A reduible diagram f
(n)
4,i at order n ≥ 0 takes the general form
f
(n)
4,i =
( a
L
)n ∑
xt
0
; kt
1
; It
trd {ΓBP−DsP−Γ′BP+UrP+} , t = 1, . . . , n , r + s = n .
(B.51)
Beause of the projetors P± =
1
2
(1± γ0) only for boundary Dira strutures
ΓB , Γ
′
B ∈ {γ1 , γ5} Eq. (B.51) does not vanish and redues to
f
(n)
4,i =
( a
L
)n ∑
xt
0
; kt
1
; It
trd {ΓBDsΓ′BP+UrP+} . (B.52)
First we onentrate on proving the ase n = 0. For r, s = 0 we have
U0 = K(0) , D0 = γ5K
†(0)γ5 . (B.53)
and there is only one diagram
f
(0)
4 = trd
{
ΓBγ5K
†(0)γ5Γ
′
BP+K(0)P+
}
. (B.54)
For ΓB = Γ
′
B we nd
f
(0)
4 = trd
{
K†(0)P+K(0)P+
}
= trd
{
K†(0)P+
} · trd {K(0)P+} = f (0)2 ·f (0)2 ,
(B.55)
where we used K†(0) = K(0) and whih proves the Lemma in this ase. For
mixed hoies for ΓB , Γ
′
B there are fators ±i left whih an be absorbed
into ΓB or Γ
′
B.
Now we turn to arbitrary n ≥ 1. For r, s ≥ 1 we nd
Ur = F
2 h(T − y0)U(xv0 ; kv1 ; Iv) h(z0) , v = 1, . . . , r (B.56)
y0 , z0 ∈ {x10, . . . xr0} (B.57)
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and
Ds = F
2 h(u0)D(x
w
0 ; k
w
1 ; Iw) h(T − v0) , w = r + 1, . . . , r + s (B.58)
u0 , v0 ∈ {xr+10 , . . . xr+s0 } (B.59)
Beause of the projetors P± in (B.52) and the fat that the x
t
0 and k
t
1-
summations do not mix Ur and D
†
s the overall trae fatorises into two inde-
pendent traes
f
(n)
4,i =
( a
L
)s ∑
xw
0
; kw
1
; Iw
trd {ΓBDsΓ′BP+} ·
( a
L
)r ∑
xv
0
; kv
1
; Iv
trd {UrP+} .
(B.60)
The seond fator is evidently an f2 diagram. Beause of Γ
′
B ,ΓB ∈ {γ1 , γ5}
and the yli properties of the trae the trae of the rst fator an always
be written as (one may have to absorb some fator ±i into Γ′B or ΓB)
trd {ΓBDsΓ′BP+} = trd {Ds P−} . (B.61)
Comparing Eqs. (B.61), (B.58) with (B.50), (B.49) also the rst fator in
Eq. (B.60) an be identied with an f2 diagram and we arrive at
f
(n)
4,i = f
(r)
2,j · f (s)2,k . (B.62)
It should be obvious that this holds also for s ≥ 1 , r = 0, or vie versa, whih
ompletes the proof of Lemma 1.
B.3 Boundary-to-interior orrelation funtions
B.3.1 Free theory
Here we onsider tree level orrelation funtions of the type
C2f,i(ΓI,ΓR; p1, x0) = −a2
∑
y1z1
eip1(y1−z1)
〈
ψ(x)ΓIψ(x) ζ(y1)ΓRζ(z1)
〉
0
,
(B.63)
where ΓI is a matrix with Dira and avour indies speifying the quantum
numbers of the urrent or density that is inserted at x. The disonneted
part of Eq. (B.63) is proportional to
trd,f {S(x, x)ΓI} trd,f
{
P−SP+ΓR − aP−γ1i ◦p+1ΓR
}
(B.64)
and the onneted part
trd,f {P−S ΓI SP+ΓR} . (B.65)
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ΓR ΓI
γ1,γ5 γ1,γ5
γ1λ
a
,γ5λ
a γ1λ
a
,γ5λ
a
Table B.1: Nonvanishing Dira and avour struture for orrelation funtions with ur-
rent/density insertions.
Both expression vanish for ΓR ∝ 1, γ0. The disonneted part vanishes for
nontrivial avour struture of either ΓR or ΓI. The onneted part an be
written in terms of propagators between boundary and interior using (B.4
B.9)
trd,f
{
H†(x0, p1) γ5ΓIH(x0, p1) ΓRγ5
}
. (B.66)
The nonvanishing ombinations of ΓR,ΓI are listed in the table Table B.1.
ΓI ∝ 1, γ0 are exluded by parity.
If we introdue the shorthand
L(p1) = a
∑
y1
eip1(y1−z1) P−S(a, z1; a, y1)P+ , (B.67)
in the disonneted part the the orrelation funtion Eq. (B.63) reads
C2f,i(ΓI,ΓR; p1, x0) = C
(1)
2f,i − C(2)2f,i , (B.68)
C
(1)
2f,i = trd,f
{
H†(x0, p1) γ5ΓIH(x0, p1) ΓRγ5
}
, (B.69)
C
(2)
2f,i =
∑
k1
trd,f
{
S˜(x0, x0, k1)ΓI
}
trd,f {L(p1)ΓR} . (B.70)
The half Fourier transformed of the propagator S˜ is dened in Eq. (5.56). The
minus sign infront of C
(2)
2f,i is due to the additional trae of the disonneted
diagram (f. Setion 5.5.2).
Sine
H(x0, p1)γ5 = H(x0, p1)iγ0γ1 = iH(x0, p1)γ1 , (B.71)
there are only two independent zero momentum orrelation funtions with
urrent/density insertion and vanishing disonneted diagrams. Namely the
insertion of the spae omponent of the vetor urrent γ1 and pseudo-salar
density γ5. Note that in two dimensions γµγ5 = iǫµνγν , therefore Aµ = iǫµνVν
and fA = ifV , where fA is the orrelation funtion of the insertion of the time
omponent of the axial urrent. Comparing (B.63) with (6.7) we have
f
(0)
A (x0) =
1
2N
C2f,i(γ0γ5, γ5; p1, x0) , (B.72)
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and
f
(0)
P (x0) =
1
2N
C2f,i(γ5, γ5; p1, x0) . (B.73)
Using eqs. (4.42), (B.4), (B.67) and performing some algebra these orrela-
tion funtions expliitly read
f
(0)
X (x0) = f
(0,1)
X + f
(0,2)
X , (B.74)
with
f
(0,1)
A =
1
R(p+)2
{
2M+(p
+)M−(p
+)e−2ω(p
+
1
)T
−M(p+)
[
M−(p
+)e−2ω(p
+
1
)x0 +M+(p
+)e−2ω(p
+
1
)(2T−x0)
]}
, (B.75)
f
(0,2)
A = N
◦p+1
A(p+1 )
R(p+)
(
1− e−2ω(p+1 )T
) ∑
k1
− ◦k+1
2i
◦
k+0 A(k
+
1 )R(k
+)
(B.76){
M−(k
+) +M+(k
+)e−2ω(k
+
1
)T −M(k+)
(
e−2ω(k
+
1
)x0 + e−2ω(k
+
1
)(T−x0)
)}
,
(B.77)
and
f
(0,1)
P = −
i ◦p+0
R(p+)2
{
M−(p
+)e−2ω(p
+
1
)x0 −M+(p+)e−2ω(p
+
1
)(2T−x0)
}
, (B.78)
f
(0,2)
P = N
◦p+1
A(p+1 )
R(p+)
(
1− e−2ω(p+1 )T
) ∑
k1
◦
k+1
2A(k+1 )R(k
+)
(B.79){
e−2ω(k
+
1
)x0 − e−2ω(k+1 )(T−x0)
}
. (B.80)
Here we used the abbreviation
M±(p
+) = M(p+)± i ◦p+0 . (B.81)
Note that
1
2
(∂∗0 + ∂0) f
(0,1)
A (x0) = 2M(p
+) cosh [aω(p+1 )] f
(0,1)
P (x0) , (B.82)
and
1
2
(∂∗0 + ∂0) f
(0,2)
A (x0) = N
◦p+1
A(p+1 )
R(p+)
(
1− e−2ω(p+1 )T
)
∑
k1
◦
k+1 M(k
+) cosh
[
aω(k+1 )
]
A(k+1 )R(k
+)
{
e−2ω(k
+
1
)x0 − e−2ω(k+1 )(T−x0)
}
. (B.83)
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Appendix C
Perturbation theory vs. Monte
Carlo simulation
C.1 Full theory with bosoni auxiliary elds
Consider the hiral Gross-Neveu model in two dimensions with Wilson fermi-
ons and the interation terms OSS , OPP , OV V . In the Shrödinger funtional
set up orrelation funtions are alulated from the generating funtional Z
〈O〉 =
{
1
Z
OZ
}
ρ...η=0
, (C.1)
where
Z =
∫
D[ψ]D[ψ] exp
{−S0 − SI + (ψ, η) + (η, ψ)} , (C.2)
and
SI = −a2
T−a∑
x0=a
L−a∑
x1=0
{
g2S
2
(ψψ)2 +
g2P
2
(ψiγ5ψ)
2 +
g2V
2
(ψγµψ)
2
}
. (C.3)
In Eq. (C.3) the interation terms are dened only for 0 < x0 < T . We
ould extent the denition to the boundary, but the elds there are no dy-
namial variables and do not ontribute to the following onsiderations. In
fat the fermioni integration in Eq. (C.2) is only over elds ψ(x), ψ(x) with
0 < x0 < T . The free ation S0 is dened in Eq. (4.34) with the Wilson-
Dira operator in presene of the boundaries (4.35). The hoie of oupling
onstants translates into the one of (5.27) via
g2S = g
2
and g2P = g
2 − δ2P . (C.4)
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On the right hand side of Eq. (C.1) the operators inO on the left hand side
have been replaed by the orresponding funtional derivatives. In pertur-
bation theory one expands the interation part of the generating funtional
in the oupling onstant g2I . In this way all sorts of verties are added to the
external operators in O. Here we want to introdue bosoni auxiliary elds
absorbing the interation terms and leaving a free fermioni theory with a
modied Dira operator.
Introduing auxiliary elds dened by
σ ≡ −g2S ψψ (C.5)
π ≡ −g2P ψiγ5ψ (C.6)
Bµ ≡ −g2V ψγµψ (C.7)
into the generating funtional via
1 ∝
∫
D[X ]e
−
1
2g2X
(X+g2XψΓXψ)
2
(C.8)
the fermioni integration beomes Gaussian.
But the generating funtional now ontains also the integration over the
auxiliary elds and the free ation now depends on them
S0[σ, π, Bµ] = a
L−a∑
x1=0
ψ(0, x1)P−{aγ1∂˜1ψ(0, x1)− ψ(a, x1)}
+ a2
T−a∑
x0=a
L−a∑
x1=0
ψ(x){D +m0 + σ + iγ5π + γµBµ}ψ(x)
+ a
L−a∑
x1=0
ψ(T, x1)P+{aγ1∂˜1ψ(T, x1)− ψ(T − a, x1)} .(C.9)
The the generating funtional is up to onstant fator
Z ∝
∫
D[σ]D[π]D[Bµ]Z0[σ, π, Bµ] e
−Sa , (C.10)
with the fermioni part of the generating funtional
Z0[σ, π, Bµ] =
∫
D[ψ]D[ψ] exp
{−S0[σ, π, Bµ] + (ψ, η) + (η, ψ)} , (C.11)
and the kineti terms for the auxiliary elds
Sa = a
2
T−a∑
x0=a
L−a∑
x1=0
{
1
2g2S
σ2 + 1
2g2P
π2 + 1
2g2V
B2µ
}
. (C.12)
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The operator O ontains funtional derivatives only with respet to fer-
mioni elds. We an therefore write the expetation value Eq. (C.1)
〈O〉 = 1
Z
∫
D[σ]D[π]D[Bµ] 〈O〉aZ0[σ, π, Bµ]ρ...η=0 e−Sa , (C.13)
where 〈·〉a is taken with Z0[σ, π, Bµ] and the subsript a indiates, that it is
still dependent on the auxiliary elds
〈O〉a = {OZ0[σ, π, Bµ]}ρ...η=0 . (C.14)
Introduing the Dira operator Da depending on the auxiliary elds
Da = D + σ + iγ5π + γµBµ , (C.15)
the fermioni funtional integral Z0[σ, π, Bµ] for vanishing soure and bound-
ary elds is the determinant
Z0[σ, π, Bµ]ρ...η=0 = (det(Da +m0))
N . (C.16)
The expetation value Eq. (C.14) is just a sum of tree diagrams with the
propagator Sa(x, y) dened through
(Da +m0)Sa(x, y) = a
−2δxy , 0 < x0 < T . (C.17)
Using the ontrations derived in Setion 4.4 every ombination of eld oper-
ators in O an be expressed in terms of the propagator Sa(x, y). The remain-
ing funtional integral over the -number valued auxiliary elds is aessible
by numerial methods
〈O〉 = 1
Z
∫
D[σ]D[π]D[Bµ] 〈O〉a (det(Da +m0))N e−Sa , (C.18)
given the determinant an be well dened. Sine we an hoose a repre-
sentation of the γ-matries where γ5 is imaginary and γ0 , γ1 real, Qxy =
(Da +m0)(x, y) is a real matrix. Therefore the eigenvalues have to ome in
omplex onjugate pairs and the determinant is real
detQ = (detQ)∗ = detQ† . (C.19)
But beause the determinant in Eq. (C.18) an be written as elog(detQ)
N
, it
has to be stritly positive. This, however, is the ase for even N .
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C.2 Results
We alulate at nite lattie spaing
am(x0) =
a∂˜0fA(x0)
2fP (x0)
(C.20)
in Monte Carlo simulations and in perturbation theory (PT). In the simu-
lations we use the representation (C.18) and a standard fermion algorithm
[42℄. Choosing
g2P = g
2
S , a∆m = am0 − amc , (C.21)
with
amc = −0.7698004(1)
(
N g2S − g2V
)
+O(g4) (C.22)
we nd in leading order perturbation theory (f. Chapter 6)
am(x0) =
h0
2f
(0)
P
+
∑
I
g2I
(
h1,I
2f
(0)
P
− h0 f
(1)
P,I
2(f
(0)
P )
2
)
+O(g4) (C.23)
=
h0
2f
(0)
P
∣∣∣∣∣
am0=a∆m
(C.24)
+
∑
I
g2I
(
am(1)c
(
h2
2f
(0)
P
− h0 ∂am0f
(0)
P
2(f
(0)
P )
2
)
+
h1,I
2f
(0)
P
− h0 f
(1)
P,I
2(f
(0)
P )
2
)∣∣∣∣∣
am0=a∆m
+O(g4) (C.25)
where
h0 = a∂˜0f
(0)
A (x0) , h1 = a∂˜0f
(1)
A,I(x0) , h2 = ∂am0h0 , (C.26)
and in the seond line we expanded am0 around a∆m.
For p1 = 0 (external momentum) and θ1 = 0 (for these values the dison-
neted diagram vanishes) the tree level amplitudes an be omputed analyt-
ially, giving
am(x0) = aM(p
+) cosh(aω(p+1 )) + O(g
2), . (C.27)
.
Monte Carlo data and PT are plotted in Fig. C.1. First order PT seems
to be valid at g2 / 0.15. See [34℄ for the same plot for a 12× 13 lattie.
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Figure C.1: MC vs. PT.
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